C/3 £ 

a: a: 
lu < 

> oc 

== co 


CD — 

OU 1 56322 >rn 

- ZJ 73 




OSMANIA UNIVERSITY LIBRARY 

Gall No. ^ ^^$\ccession No. / ! 


Author . 


Title 





This book should be returned on or before the date 

* 

last marked below. / 




THE 

ANALYTICAL GEOMETRY 

OF 

HYPER-SPACES 


Part II 




ANALYTICAL GEOMETRY 

OF 

HYPER- SPACES 


Part II 


By 

SURBNDRAMOHAN GANfilLLI, M.So., 

FRKMCHANI) ROYCHAND SCHOLAR, LECTURER, CALCUTTA UNIVERSITY. 



PUBLISHED BY THE 

UNIVERSITY OF CALCUTTA 
1922 


PRINTED BY ATDL CHANDRA BHATTACHARYVA 
AT THE CALCUTTA UNIVERSITY PRESS, SENATE HOUSE, CALCUTTA 



PREFACE 


The following pages contain certain interesting results 
in the Geometry of Hyper-spaces, entirely a modern branch 
of Mathematics, which is now recognised as an indispens- 
able part of that science with extensive applications in 
Mathematical Physics. In preparing this volume I have 
always adopted analytic methods of proof 'supplemented by 
geometrical conceptions where simplification could be 
gained thereby. The subject covers too extensive a field to 
be adequately dealt with in its various aspects in a small 
work like this ; consequently, in the choice of subject- 
matter I have selected only those which could be treated 
on the most elementary principles without a knowledge of 
higher Mathematics. I have carefully avoided the discus- 
sions of of geometrical figures which, in higher spaces, are 
no doubt very complicated and difficult of conception. 

In Chapter I, the most prominent properties of isocline 
planes have been discussed. 

In Chapter II, Motion in a space of four dimensions 
has been studied, but little attempt has been made to extend 
the ideas to spaces of dimensions beyond the fourth. 

In Chapter III, Complexes in ^-dimensions have been 
discussed, giving, in some cases, geometrical interpretations 
to the equations defining the Continuum. The name 
16 parallelosehem ” has been adopted after Schlafli. 

In Chapter IV, properties of hyper-surfaces have been 
discussed at some considerable length. No writer in hyper- 
geometry has as yet, to my knowledge, attempted a syste- 
matic study of the subject ; my attention hag however 
been chiefly confined to a systematic development of the 
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subject on the most elementary principles, although a 
thorough discussion has to be postponed for want of space. 

In Chapter V, only an introduction of the differential 
methods in the geometry of hyper-spaces has been 
attempted. 

In a modern science like this, great confusion arises with 
regard to nomenclature. A considerable number of new 
terms have therefore been introduced, formed, as far as 
practicable, in accordance with recognised principles. I am 
indebted to the works of Veronese, Bertini, Schlafti, 
Manning, Cole, etc., for substantial help in preparing this 
volume and my obligations to these authors are perhaps 
greater than I am aware of. 

In conclusion, once more I must acknowledge myself 
in the highest degree indebted to the Hon’ble Sir Asutosh 
Mookerjee, Vice-Chancellor and President of the Council 
of Post-Graduate Teaching in Arts, University of Calcutta, 
for his extreme kindness in often encouraging me to 
prosecute research in the field of hyper-geometry. It was 
his most inspiring advice which prompted me to take to 
the subject and continue the investigation. My best 
thanks are due to Mr. A. C. Ghatak, B.A., Superintendent, 
and the Staff of the Calcutta University Press, who took a 
personal interest in bringing out the book in the least 
possible time. 


University of Calcutta, 
March , 1922. 


S. M. GANGULI. 



ANALYTICAL GEOMETRY 

or 

HYPER-SPACES 
[Part II] 


CHAPTER I -Isocline Planes. 


1. Angles between two planes : — 

We have already defined (Part, I 23) minimum angles 
between auy two planes and obtained analytical expressions 
for them. We shall now show that they really define the 
inclination of one plane to the other. 


Let 


Lr,s‘ , I i ts P 

~ an d — •> 

sin 6 sin 0 [_s 


=1, 2, 3, 4] 


be the direction-cosines* of the two given planes, both 
passing through the origin. 

Then, by analogy to the formula in our ordinary 
Geometry of three dimensions, we may assume that some 
function or functions of the angle or angles between the 
two planes (which we denote at present by cos O) are 
given by 


cos O — 


%hrs L Vs 
sin 0 sin 0 f 



* See the author’s paper “ On the angle-concept in n-dimensional 
Geometry § 5. Bulletin of the Calcutta Math. Soc , Vol. IX, No. I. 
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sin O' cos 

n=2 Lrs L'i 

rg [" =1, 2, 3, 4] 


=S 

lr 

l. 

| l'r V, 



m r 

TO, 

| f j 

J | m r m 9 

j i,r,+f.r, + - 
-1 

• ? 

l X 11 1 

1+1,1*',+... 

- I 

• •• » 

ni x m\ -f Vm t m\ -f .. 

A 

cos IV 

' A ! 
cos hit' 



A 

a! 



cos Vm 

cos mm 

! 



| (}V) 

[Ini') 

| 



! (I'm) 

(mm') 





A A 

where cos IV- IV) and sin IV~[H’ J. 

[/m] [I'm ' ] cos Q=( IV ) — (I'm) ... (1) 

To prove that this formula must always hold, we take 
any other line (L) in the plane (7, m\ whose direction- 
cosines may be taken as — 

XI i *f pm i , [*,=1, 2, 3, 4] 

where X and fx are multipliers. 

Let this line L make angles and \ p with the lines ( l ) 
and (w) respectively, so that 0=:<£-f \j/. 

Let Q x he the “ Hyper-angle ” * between the planes 
(L, l) and (V,m'), and 0 8 be that between (L, m) and 
(l\ 

* We call this Hyper-angle because we do not know the nature of 
as yet, whether it is a plane or a solid angle, or an angle of any 
other kind. 
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Now, we have L t =A l k +^n f 

and l=2L,’=A"+f^+2Ap cos (<£+^) ... (2) 

If the formula (1) is to be always true, we must have 

Xl r +fim r kl a +fjL m t ! V, V, 

sin <f>. sin O' cos 12 l =2 ! 

l r l H ! m' r in ' , 

lr h j ] V r V. 

=/x2 i ! 

vi y m 9 | i in' r in ' 9 

=fx sin 0 sin O' cos 12, by (1) 

sin cos Cl l = f jL sin (<£+*/0 cos 12. ... (3) 

Similarly, by considering the planes (L, in) and 
vve have 

sin cos 12 a =A sin (</>-fi/0 cos 12. ... (4) 

If the formula (1) is to be always true, conditions (2), 
(3), (4), must simultaneously hold and we should have 

12 = 12^12,. v 

A 

Now, cos $ = lh = 2 £ i {Mi 4* p-wi , ) 

=A2Z, 9 +ftS^m, 

==A-f Mini) 

Fig. 1 

=A+/u,cos ... (5) 

A 

Similarly, cos i/r=cos Lm=/i+ A cos ... (6) 

sin*^=l— cos*^=l~{Xd“/A cos (<AH" I A)}* 

=^ # sin* by (2) 
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and sin 2 ^=1 — cos 2 t/^A 2 sin (<£ + i/r). 

. - 1 

sin xj/ sin <j> sin 

Substituting these values of A, fi in (3) and (4), we find 
cos =cos 12 2 = COS 12. 
and therefore, 0 1 =O a =0. 

and the expression (1) always holds. 

Since the expression (1) involves only the functions of 
angles between the four lines determining the planes, it 
is independent of the orientation of the system of axes and 
depends only on the initial lines. 

l r l, l\ V. 

Putting [hn/Vm '']— rS 

■m r m g m! m’ „ 

the expression (1) may.be written as — 

cos 12. sin 0 sin 0'== [Zw/ZV]. 

or, cos 2 12 =[Zm/ ZW] 2 /[7m] 2 [I'm ''] . 2 

So far we do not know what 12 or cos 12 means. But 
we have seen that if 0 Y and 0 a be the minimum angles 
between two lines, one in each plane, 

cos 8 cos 2 0 a ==[/m/ZW] 2 /[7m] 2 [ZW]. 2 # 

Thus we find that cos 2 12Ercos 2 0 t . cos 2 0 a . 

i.e., what we have called cos!2 is nothing but the product 
of the cosines of the two minimum angles between the 
planes. 


Vide — Analytical Geometry of Hyper-spaees, Part I, §. 23. 
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Hence, we may define the magnitude O as the “ Hyper 
angle between two planes, when it satisfies the relation 

CO3 a O==COS a 0 l .COS 2 0 2 . 

2. We have seen that the minimum angles between 
two planes (l, m) and (p } q) are given by the equation : — 

cos 4 '0(7m] 2 [pq] 2 + { [Impq] 2 — [hn]* [pq]* — [?wVm] 8 } cos2 0 

4- [l^/pq] 2 =0. 

Put [ hn] 2 [pq ] 2 = a 2 

[Impq] 2 "6 2 
[Zw/p^] 2 ~c 2 . 

Then the equation becomes — 

a 2 cos 4 0+(6 2 -a 2 --o 2 ) cos 2 0 + c 2 =O. 

This is a quadratic in cos 2 6. 

2 O 2 + c a —b 2 ) -f a/( fc 2 - a 2 ^c 2 ) 8 4a 8 ( 2 

.. COS u — — ^ — v» " „ 

2 a 2 

_ (a 2 + c*, 2 — &*) + a/ a 1 + 

~ '2a 2 

The expression under the radical sign breaks up into 
factors — 

— + a)(c+a— 6)(a + 6— c) ... (1) 

The two roots of the above equation will be equal 
when any of the factors in (1) vanishes. 

The expression under the radical may also be written 
in the equivalent form 

011 1 f ] 0 a h c 

1 0 c* b 2 a 0 e b 

AH = 

1 c 2 0 a 2 he 0 a 


1 b 2 a 2 0 


e b a 0 
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Hence, the condition for the equality of the roots may 
be written as A = 0, or 


0 1 11 

1 0 * \lm[p(j \ 2 Uinpy] 2 

1 [Impfj] 2 0 '[*»*].• [*»?]• 

1 \lmpq]* 2 0 


=0 


When this condition is satisfied the two roots are equal, 
i.e., cos tf^eos 9 2 . /. 0 1 =0 2 or — 0 a 

In this case the two planes are said to be isocline to 
each other. 

Definition : — Two planes are said to be isocline to 
each other, when the two minimum angles between them 
are equal in magnitude. The two planes are called 
“ isoclines ” * 

3. If two half-lines in the plane a make equal angles 
with another plane /3 , then the half-line bisecting the angle 
between them and the half-line bisecting the angle between 
their projections upon /3 will lie in one of the common 
perpendicular planes of a and and the angle between 
them is equal to the equal angles between the two planes, t 

Let l 9 m be the two half-liues in a and;>, q their projec- 
tions upon /?, all passing through a common point. 

Let A and p be the half-lines bisecting the angles 
between ( l , m) and (p, q) respectively. 

. \ — L+ nn 

..A,_ - x 

u = £i±li 

2 [t=l, 2, 3, 4] 

* Of. § 24, Cor. 3, Ana. Geo., Part I. 

f This theorem has been U8ed by Veronese in finding perpendicular 
planes — Grundziige der Geometric, &c. § 160. 
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and 1-2A, 3 =-![2Z , 2 + Sm, 3 + 2(Zm)] 

=i{l + (foO} ... (1) 

Similarly, + ... (2) 

If <f> be the angle between A and /*, we have — 

OOS<£ = SA jfi t =} : {S Z, £>, } 

= i { O) + OiO + (ty) + O'/) } • 

But (/jci) = (w^)=cos 0 (say) 

cos = J { 2 cos 0 -f (mp ) + ( Zg ) } 

Now, m, p, (j determine a three-space and L mq-p is a 
right dihedral angle. 

We have, by Spherical Trigonometry, 

(mp) = (mq) (pq) = cos 0 (pq) 
and (/q) = (/;>) (pq) = cos 0 (pgr) 

cos <t>~- 1 [2 cos 0+2 cos 0 (pq ) } = T } { 1 + (pry ) J cos 0 
=cos 0 [by (2)] 

Again, (Ap' = (AZ) (Zp) = cos 0 (AZ) 

(A^) = [Am) (mg) = (AZ) (Zp v =eos 0(AZ) 

/. (Ap)=(A 9 ) 

But (Ap) = (A/x)(^) + [A/a][^] cos<App* ... (3) 

and (AgO = (A/a) Oj) + [A/a] [p^] cosZApp 

= (V)(/ l p) + [V][f t p] cosZ Vtf ... (4) 

Prom (3) and (4) we have — 

Cos L App=Cos L Xpq 

i.e., the dihedral angle lpp=the dihedral angle A pq; 

i.e. t the plane of (A, p) is perpendicular to the plane of (p, q) 

t.e. f to fi. 


Tod Hunter, Sph. Tri ft § 42, 
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Similarly, it may be shewn that the plane (A, /a) is 
perpendicular to the plane 

The half-lines A and jm determine a common perpen- 
dicular plane of the two isocline planes a and ft; and the 
angle between them is equal to the “ isoclinal angle 99 
between the planes. 

Cor. : — If more than two pairs of opposite half-lines 
in one of two planes make any given angle with the other 
plane, the two planes are isocline and the given angle is 
called the “ isoclinal angle 39 between the planes. 

4 . The generalised form of the above theorem is the 
following : — 

If A and /a be taken one in each plane, dividing the 
angles between the u minimal lines 99 in the same ratio, then 
the plane of (A, /a) is perpendicular to both a and fi and 
the angle between A and /a is equal to the isoclinal angle. 



Let 

and 

and 

cos 


1 [* = 1,2,3, 

/Ai=Api +Bjf, ) 

l=SA P * = A 8 -fB 2 -f2 AB (Im) 


4J 


l=2/tj 2 =A 2 +B 2 + 2 kB(fq) 

(f> = 2A , fx , = 2 ( A 7 , + B«z, )(Api +Ef ,■ ) 

=A» ( Zp) + B 2 {m(f) 4-AB(/§') + AB (mp) 

=A* cos<?+B 2 cos$+ AB costf(pig') + AB eonO^pq) 
=cos 0{A 2 +B 2 +2AB(p^)]=cos 6 . 
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Again, 

( Xq) = 2( A l i + B m f ) q - t = A ( / q' -f B (mg ) 

=A cos6(pq) + B cos# 

=cos + Bj ... (1) 

(Xp) =2( A l i + B m i )p i = A(£p) + B(mp) 

= A cos0-f B cos O'pq) 

=cos 0{A + B4p</)} ... (2) 

Also, — (p ( /) + \Xp][pq] cos Z V? ••• (3) 

—cos ${A(pq') 4- B) } [A/x][ju^] cos L Xpq. 

From (1), [\/x][/xg] cos L Xpq =0 

i.e., cos/A/^=0 

/.Xpq or the dihedral angle Xpq is a right angle. 
Similarly, it may be shewn that Xpp is a right angle, Le., 
the plane of (A, p) is perpendicular to /?. Similarly, it is 
perpendicular to a. 

Cor. : — Hence it follows that any plane meeting two 
isoclines a and 13 in two lines which divide the angles 
between the minimal lines in each in the same ratio is a 
common perpendicular plane to a and f3, and the two planes 
cut out on it an angle equal to the isoclinal angle. 

5. If two planes cut out equal angles on a pair of 
common perpendicular planes they have an infinite number 
of common perpendicular planes, on which they cut out 
equal angles. Unless they are absolutely perpendicular 
planes, any two of these common perpendicular planes cut 
out equal angles on the two planes. 

Let two planes a(l, m) and /3 (p, q) have a pair of 
common perpendicular planes (l,p) and (m, q) } on which they 
A A 

cut out the angles and <t> f =mq. Consequently l y m and 

p, q are the minimal dines. (Fig. &.) 
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A A 

It is known that angle Im and pq are right angles. 

A A A A 

In lm> and pq 3 lay off equal angles A and pp. 

Then, evidently the lines A and /x divide the angles 
A A 

Im and pq in the same ratio and therefore supposing that 
<£=<£', by the corollary of § 4, the plane of (A, /x) is a 
common perpendicular plane to both a and ft, and the angle 
A 

A /ji is equal to the isoclinal angle <f>, 

A A 

We can make the angles A and pp equal to any 
given angle and in all cases the plane of (A, is common 

A ' A 

perpendicular to a and ft, provided the angles A and pq are 
equal. 

Thus there are infinite number of common perpendicular 
planes to two “isoclines.” 

Again, since the half lines of the common perpendicu- 
lar planes make equal angles with l and p, any two common 
perpendicular planes must cut out equal angles on a and 
fi 3 provided a and ft are not absolutely perpendicular ; for 
in that case all lines in a are perpendicular to all liues in 
f3, and any plane is a common perpendicular to both. 

6. The converse theorem is also true : — 

If two planes, not being absolutely perpendicular, 
have more than two common perpendicular planes, the 
aqute angles which they -cut out on any pair of these com- 
mon perpendicular planes are equal, and the planes are 
isocline to each other * 

# Cj. Manning — Geometry of Four Dimensions, §-68; 
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In the figure of the last article, let (A, /*) be another 

A 

common perpendicular plane to a and ft, and let 

A A 

and It is required to prove that A/a=<£=<£'. 

A A 

Suppose we had A /*><£ i.e.>lp. 

/. (VKOp) 

But (Ap) = (A ft) ( p/a) and (//a) = (^)(p/a; 

:(W>( Ap) ... (1) 

Again, (Ap) = (ZA) (Zp) and (Z/a) = (ZA (A/a) 

:.(\ P )>W ... ( 2 ) 

Inequalities (1) and (2) lead to contradiction. 

,\ We must have (A/a) = (Zp)= cos </> 

A A 

&\e., A/A=</>=Zp, 

A A 

In the same way it can be proved that A/a =m£ =<£'. 

A 

.*. A/a = <£=<£' ; 

i.e., the planes a and /3 are “ isoclines.” 

7. If ( l , m) and (p, q) are the " minimal lines ” of two 
planes « and ft, and if two half-lines A and p be taken, one in 
each of the planes, dividing the angles between the mini- 
mal lines in the same ratio, the plane of (A, /a) is equally 
inclined to a and ft. The angle cut out on this plane by 
a and ft lies between A and the minimum angles be- 
tween a and ft. Also, the plane of the half lines bisecting 
the angles and intersects the plane of (A, p) ortho- 
gonally and bisects the angle between A and p. 
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Let k and h be the lines bisecting the angles 0, and 0. 2 
and let the plane of (k, h) intersect that of (A., /*) in the 
line T. 



Also, let A, =A h + Bvij 

P,=Ap i +Bg i 


7 . - l i+Pi 
' ~ “ 2 ~ ' 


> 0=1. 2, 3, 4] 


h i= ”ll±/> 

2 -J 


We have, ( Z/lc) = ( Zp) (pp ) — cos 6 X (pp) 

=cos 0 X (AZ) = (Ajp) 

Now, (Z/a) = (ZA) (Xfji) + [AZ] [Xp] cos llXp. 

= (\p) 

Also (Xp) = (pp) (Xp) -f* [pp] [A/xj cos L ppX 

= (/A) (A/x)-f [ZA] [\/x] cos Z ppX 
cos L ZA/a=cos L ppX i % e., Z 1Xp= Z ppX ; 
i.e., the dihedral angle ZA/x = dihedral angle ppX. 
Similarly, Z mXp = Z qpX 

A 

Let A p=<f>. 


Then, if 
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For, cos UX l x=- cos Z wA/x = ( Z/x) (V ' 

[i\] [A/x] 

_( fr> (py)- (IX) (A/x) 

[ZAJ [A/x] 

But cos Z « ! A / x=^" 4 )-^ w 1<V) 

[A»t] [A/xJ 

= ( w 9) (w) — (Am) (A/x ) 

[Aw] [A/x| 

_ cos 0 2 [p/x]-[iA] (A/x) 

W [VJ. 

• cos ^1 (p/x) — (IX) (A/x) _ c os fl a [p/x] — [)A] (A/x) 

(7 A] [A/xJ (/A) [A/x] 

or cos ^ 1 (p/x)(ZA)-(ZA) a (A/x) 

f =-costf 2 [p/x]QA] + [«A]«(A/x) 

or (A/x){(ZA)® + [ZA] s }=cos (p/x) (ZA)+cos [p/x] [/A] 

=008 0, (ZA) 2 H-cos 0 2 [IX] 2 

But (ZA) 2 +[ZA] 2 =1 

(A/x,) = cos 0 X (/A ) 2 -4- cos 0 a [ZA] a 

>(Aju) (ZA) 2 -f-cos 0 2 [ZA] 2 

for, cos ^>=(A/x)<eo8 0j 

•’•(V) {1 — (ZA) 2 }>cos 0 2 [/A] 2 

(A/a) [ZA] 2 >cos 0 2 [/Aj 2 

or (A/*)>cos 0 2 t.e., cos <£>cos 0 2 ‘ 

A *<« f . 

That is, if 0 is greater than 0 X , it is less than 0 2 , i.e., 

0 lies between 0 X and 0 2 . 
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The angle (</r) between the planes of (A, /*) and (A*, h ) 
is given by — 

cos 3 ij/ = [A/a/AA] 3 /[Ap,] 2 [AA] 2 
The numerator is the square of the determinant 
(A k) (A h) 

t.e., of (A k) (fili)-(kh) (file) 

(file) (fih) 


or, of { S( A l , + Bm, )(^y^) J { S(A P , + B? , ) ) J 

- ^(AZ.+Bm,) {3(Ap I .+B gi )(^J £? )} 

£e., of ~ £ A 2 {(mp) + (lp)(mp) — (lp)(lq) — (lq)} 

-f B 2 { (mp) (mq) + (mp) — (Zg) — (Ig) (mq ) } 

4- AB{(?rcp) a — (lq)*} 

But (wp) — 0 and (lq) = 0. 

The numerator becomes zero ; i.c., cos i^=0 

7 r 

•* *=8 - 


The planes of (A, fi) and (k } Ji) are mutually perpen- 
dicular. Also, the direction-cosines of T, the line of 
intersection of the planes (A, p) and ( k , h) are obtained as 
follows : — 

A 

If T is the line which divides the angle kh in the 
ratio of A : its direction-cosines are proportional to — 


-A *'+*** 


m , +<y, 
2 


=i{(A?, +B m, ) + (Api +B ji'l} 
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. This shows that the line T bisects the angle between 
A and ft.* 

8. Conjugate series of isocline planes: — Let the 

planes a and P be two isoclines and let the plane *' be 
absolutely perpendicular to a, so that the four terminal 
half-lines l, l / m form a rectangular system. 

The two planes « and ft have an infinite number of 
common perpendicular planes (§ 6) on which they cut out 
equal angles and any two of these common perpendicular 
planes cut out equal angles on a and ft. 

f « r m' 


e 


Thus, if in the planes a and ft we lay off an angle ^ 
from l and p in the same sense, the half-lines of these 
angles will form an angle 0 , and will determine a plane 
7 perpendicular to both a and ft. This plane y is perpendi- 
cular to both the planes a and a', and consequently is one of 
the com mou perpendicular planes of p and «/ The 
plane y makes with V an angle ^ and can therefore be 
determined by laying off angles $ from l and V and 
the construction can be performed without any reference to 
the plane p, Thus this plane y is a common perpendicular 

A 

* The angle \u has been called an isoclinal angle of the planes a 
and 0, and the angles 6 X and 6., are its maximum and minimum values. 
( Vide — Trans, of the American Mathematical Society, Vol. II, 1901, 
page 109, paper by I. Siringham.) Stringham says that “ Two 
planes may be said to be mutually isoclinal, when their isoclinal angle 
is constant/’ and he calls the two planes “ isoclines.” We have called 
the constant angle “ isoclinal angle between the two planes.” 



1 

p 




I a 


Fig. 4? 
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nlane to all the planes of the isocline series /?, obtained by 
giving different values to 0. Similarly, by giving different 
values to $ we have an infinite number of planes y per- 
pendicular to all the planes of the series 

Thus we have obtained two series of isocline planes, 
/? series, and y series, each plane of the one series being 
perpendicular to all planes of the other series. These two 
series of isoclines are called “conjugate series of isocline 
planes f 

9. Senses of isoclinism * : — In the above construc- 
tion we have taken 0 = 0/ But the two planes « and 
will still be isocline if we make 0= —0/ These two 
cases are quite distinct, and in the latter case we measure 
0'= —0 in the plane (m, m) on the side of m remote 

A 

from q and if q he the other arm of angle, we have lp=zO 
A 

and mq = —0, and the plane determined by (/?, q) is 
isocline to a, but in a sense opposite that in which the 
plane (p, q) is isocline. Thus both the planes (//, q) and 
and ( p , q) are isocline to a but in opposite senses. If we 
lay off equal angles on (/, V) and { m , ml) on the same side 
as q; and p," q" be the other arms of these angles, 
then the planes ( p, q) and (/?," q ") are isocline to a in the 
same sense. 

When two planes are isocline in opposite senses, one is 
said to be positively isocline and the other negatively 
isocline. 

10. We may here quote (without proof) two very 
important theorems regarding isoclines : 

Theorem A : — If a plane is isocline to another, the 
latter will be isocline to the former in the same sense. 

#1. S tringh n m— Transac ti on s of the American Mathematical 
Society, VoL II, 1901. 
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Theorem B Two conjugate series of isoclines are 
isocline in apposite senses. 

Cor. i: — Two absolutely perpendicular planes are isocline 
in both senses, but only in one sense when we distinguish 
in each a particular direction of rotation. 

11. Given a half-line (p), not in a given plane a, nor 
perpendicular to it. Determine the number of planes 
which can be drawn through (p), isocline to a and also 
their senses of isoclinism. 

Let (l) be the projection of p on the plane a. Then 
the plane of (p, l) is perpendicular to a. Let (m, q) be 
the plane absolutely perpendicular to the plane (p, 1) and 
let m be the line of intersection of a with (m, q). In the 

A A A 

plane ( m , q) lay off angles mq and mq ' (equal to pi), 
measured from m in opposite directions. The terminal 
lialf-lines of these angles are q and q/ Then p and q 
determine a plane which is isocline to a in one sense, but 
p and q determine another plane through p isocline to a in 
opposite sense. Thus we see that there are two planes 
which can he passed through ( p ) isocline to a in opposite 
senses. 

The construction is this : From m lay off (in the plane 

A A 

( q , m) angles 6 and — 6, w here 0=pl. 

f 

Fig. 5 

In (p, q), p and q are the minimal lines, while in 
(p, q')> p and q ' are the minimal lines. 

12. The two common perpendicular planes of a given 
plane a and two other isoclines in the same sense, drawn 

3 
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through a line of a, are inclined to each other at an angle, 
constant for all positions of the line. 

Let (l y m) be the given plane a and a (1/ m!) its 
absolutely perpendicular plane. Also, let /? (p, q) and 
y (p'j q') be two planes isocline in the same sense to a. It 
is required to prove that the angle between the common 
perpendicular planes to the two series which pass through 
any half-line (/) in a is constant. 



Fig. 6 

Let (1, p) be a common perpendicular plane to a and /? 
and (l, p') to a and y. Let (/, p) and ( l , p') meet the 
plane a in the half-lines V and m/ 

We have seen that the common perpendicular planes of 
a and y are none of them perpendicular to the common 
perpendicular plane of a and /?, except a and a / 

Now we have 

cos Vhn=z ) , for the half lines l, V, m' lie 

[11 3 l>i ] 
in a three-space. 

A A 

But IV is a right angle, so also is I'm! a right angle. 

.\ (IV)- 0, (W;=0, [IV ]=1, [W]= 1 

A A 

cos Vlm f =(Vm f )~QOfi ZW 
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A 

i-e-, the dihedral angle Vlm f is measured by its opposite face 
A 

angle Vm'. 

A 

But the angle V m is constant.* 

A 

The dihedral angle V Im is constant for all posi- 
tions of the half-line (/) in a. 

Note : — If the constant angle vanishes, the series y is 
not different from the series /3. In that case /3 and y belong 
to the same system of isocline planes with a, and they 
have a common perpendicular plane. And since the 
plane a is determined by any two half-lines in it and the 
above remarks apply equally to the other half-line m in a, 
we obtain the following theorem as a corollary : — 

Corollary : — If a plane a and two isoclines (in the 
same sense) have a single pair of common perpendicular 
planes, perpendicular to all three, then all the common 
perpendicular planes of a and any of them are perpendi- 
cular to all three and they all belong to the same series 
of isoclines. 


# We have seen in §8 that the rectangular system of half -lines 
determining a and o' being rotated give a new system isocline to a and 
a', i.e., the system X- is obtained from £ by rotating the lines hi o' 
through a certain angle, Thus the angle I'm ' will be the same for the 
same planes a and a! 



CHAPTER II— Motion in Hyper-space. 

13 . Before proceeding to the analytical study of* the 
motion in a Hyper-space (of four dimensions), it is advi- 
sable and convenient to begin by investigating certain 
interesting properties which a plane (two-way space) and 
its absolutely perpendicular plane at any point possess. 

A two-way space (a plane in the ordinary space) may 
be defined in two ways : — 

(1) By any two lines in the plane ; 

(2) By any two three-way spaces containing the plane. 

"We have already discussed at some length the pro- 
perties of a plane as determined by two given lines in it 
and have defined the direction-cosines of the plane and 
the mutual relations between them. 

Now we shall defire the plane by two three-way 
spaces* whose equations are — 

C h r 1 -f Z a ar 2 + Z 3 .r 3 + Z 4 ^ =0 

I I' 1&1 =0 

The quantities ; l t ', l 2 ... are proportional to 

the direction-cosines of the normals to the two three-way 
spaces respectively. 

Consider the following determinants — 

TZ l Z a — / a Zi, ? Z 3 Z' 4 — Z 4 Z' 3 , 1 

* Since we are concerned with the mutual relations between angles 
we assume that the plane passes through the origin. 
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We have denoted these functions respectively by — * 

1*12* kjg, 1*23* ^24> ^34> 1*14* 

These six quantities are*connected by the relation — 

L 1 2 ^ + L 1 3 2 + Lj, a 2 + L 2 4 2 4 - L 3 4 2 + L j 4 2 =sin 

= l-(/ 1 V + y2 , + Va' + V4? } 

where 0 is the angle between the two normals (1). 

Further, by considering the following identically 
vanishing determinant. 


7 j 1 2 1 3 l ti 

l\ l\ l\ l\ 
h h h h 



l\ l\ V 3 l\ 


we obtain the relation — 

1*1 8 *1*8 4 1*1 3*1*42 4*-^ J 23* == ® ••• (^) 

Thus, the six quantities L 12 /sin 6, L 13 /sin 0 , etc., are con- 
nected by two independent conditions (1) and (2). This 
is as it should be ; because a plane through the origin is 
determined by four constants. 

If we put a, b, c,f, g, h for the quantities’ L t 2 /sin0, 
etc., we obtain the two following relations : — 

a 2 + b a +c 2 +/ a +g 2 + & a =l 
af+bg+ch — 0 

These quantities a , i, c, g 9 h we have called the 
“ direction-cosines ” of the plane determined by the two 
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normals (l u l 3 , l a , l 4 ) and l a ', l 3 ’, l 4 ').* If thes< 
six quantities are multiplied by a constant (say) k, the sis 
quantities ka, kb,... may be called tbe “six co-ordinates 
of the plane, corresponding to the six Pliickerian co-ordi- 
nates of a line in three dimensional Geometry. 

14. If there are two pairs of three-way spaces such 
that both the three-ways spaces of one pair are perpendi- 
cular to the three-way sjaces of the other pair, the plane 
determined by the first pair is absolutely perpendicular to 
the plane determined by the other pair. These two planes 
have in general no line common. 

Let the two planes be defined by — 

( 1 ) \ 

1 >V i#i +^3# a — 0 

( m x * x + =0 

(2) ] 

+m/ 9 sc 9 + W 3 # 3 +W 4 # 4 =0 

If the two planes are absolutely perpendicular, the 
three-way spaces (1) are j erpendicular to the three-way 
spaces (2), or in other words, one plane is defined by the 
normals in (1) and the other by the normals in (2). The 
direction-cosines of the two absolutely perpendicular planes 
have simple relations which we proceed to investigate. 

The condition of perpendicularity gives us the four 
following equations :■ — 

* 5=4 4=4 4=4 - 4=4 

2 2 Z.m'i =0 ; 2 V iW f =0; 2 Vi ^*=0. 

ts=l 4=1 4 = 1 4=4 

♦These have been called by F. N. Cole “the, direction-cosines ** of 
the plane determined by the two three-way spaces— American Journal 
of Mathematics, Vol. XII, 1890. Thus it is seen that what I call the 
direction- cosines of a plane are those of its absolutely, perpendicular 
plane according to Cole. 
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rrom these equations we deduce the following by 
simple algebraic operations : — 


L ia ™ a +L ls m 3 + L 14 m 4 ==0 
LiXi+hjjw'j +L 14 m' 4 =0 

1^23 W 3 I i 24 Wl 4 := ^ 

L 1 a m' ! — L 2 S w' 8 ~L h *m' 4 = 0 
L 1 3 m i + L s s m a — L 3 4 ' m 4 =0 

L 1 3 Til ! ■fLjjW 2 1 j 3 4 W 4 0 

h 14f m 1 + L s4 m s + L 84i w 3 =0 
Li 4 m' 1 4-L 24 w' a +L 54 w' 3 =0 



From these again the following relations may be 
deduced, in which M 12 , M 13 , M { 4 , M 23 , M 24 , M 34 
denote functions analogous to L 12 , etc. 


L ia M I4 + L 13 M 34 =0 • 

, L ls M ia + L, 4 M S4 =0 

L ia M a3 -L 14 M 34 =0 

_ Ij iu M 14 Lj 3 M S4 0 

Tji»M la + ljat^!4 =0 

L 14 M l8 — L 14 M,*=0 

L ls M, 4 L, 3 M a4 =0 J 

l 14 m 14 -l, 4 m ! , 3 =0 j 

or M a4 = -^M 34 ; 

L 12 

; M, 3 = -^M 34 ; 

L 12 

M — ^14 M' . 

iV1 2 3 T m 3 4 9 

"TV/f M 

l J i 2 


M,«=^si M, 4 , etc. 
I^is b i» 

re., we have the following five relations : — 


h*l2 ^19 


M, 


-^#8 M 

- » jyj 3 4* 

•*-*1 a 


M — ^14 M 

2 3 — f m 3 4 > 
^13 


M —^3 1 lyf 

34 T ■** l- 8 4’ 

L ia 
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But SM l9 9 =sin a 0' and 2L la *=sin* 0. 

sin* - M * + L * ? * ■ t L 1 « * ± h. i * f L » * * M sl *+M st * 

Lii a 


_ (T J i» a + I i i3 8 + lj) t 8 4-L i , ,, 8 +L,« + L 34 *)M3 4 * 
Li**' 

_sin* 6. M 34 * 


or 

Jitt! = 

: Mm* 

... L, 

2 

-±M 

sin 2 6 

sin* 0' 

sin 

0 

sin i 

Taking the positive sign we 

have — 




IjH = 

M S4 

^2 3 


M 14 


sin 0 

sin 0' 

sin 0 


sin O' 


— • 

M- 

L a4 


M S1 


sin 0 

sin O' 

sin 0 


sin O' 



M„ 



M lt 


sin 0 

sin 0' 

sin 0 


sin O' 


(4) 


If a, b y c y /, < 7 , hy and a\ V, c', /, g\ h\ be the direction- 
cosines of the two absolutely perpendicular planes ( l , V) and 
(m, m'), then we obtain the following relations connecting 
them : — 

«=/ /=«' 
b=—g' and g= —b r 


c-K A=c'. 


Further, we have — 

1j i a • Lg ^ 4- 1^ 4 9 * i 3 4" h a a * h ^ ^ 

=M 1S . M S4 + M 1S . M 4J . M,,=0 
or, af+bg •{•ch—a'f •Irb'g 1 —Q. 
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Thus we see that if a, b, c ,f) g> h be the direction- 
cosines of a plane, theny’,— g, h % a^—b, c are the corres- 
ponding direction-cosines of its absolutely perpendicular 
plane. 

N.B. — It is to be noticed here that the plane in (1) 
is determined by its two normals l and l\ or by two 
lines m and m' which lie in it ; so also the plane (2) is 
determined by its two lines i and l\ or by two normals 
m and m\ In fact, the two planes being mutually 
absolutely perpendicular, we may consider them as deter- 
mined by the lines (/, V) and (w, ?/?'). Thus follow the 
results we have already obtained. 

15. , The condition that the two planes will intersect 
in a line is obtained by expressing the fact that the four 
three-way spaces have another common point besides the 
origin and this gives — 

l x l 2 K 

l\ l\ v, 

= 0 ; 

m 1 m 2 m s m. k 

m\ m’ a nfi\. 

or, expanding the determinant in terms of minors of the 
second order, we obtain at once : — 

li i o .TM 3 ^ 4 L j g .IM 4 2 H" Ij 1 4 ■ 23 4 I j ^ 3 • -M- 1 4 

4- 8 4-L 3 4 .M 1 3 = 0. 

Thus, two planes whose direction-cosines are a> b t c % f> 
g } h ; a , b', c',...will intersect in a line, if 

af + bg' 4 eV 4 a'f+ b'g 4 ch = 0. 

This corresponds to Plucker’s condition for the intersec- 
tion of two lines.* 

♦ Salmon's Geometry of Three Dimensions, Vol. I, § 51 . 
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16. Consider the planes a, determined by the lines 
(A l'), and (i determined by the line) (m, m'). The 
direction-cosines of these planes are as before represented 
by L i 2 > k 13 , etc., and M 12 , M l3 , etc. If ft intersects the 
plane a , absolutely perpendicular to a, from what has 
been said above it follows that — 

M 1 2*1*1 2 + M j 3 ,Ii | 3 + M 14 .L t 4 4 -M 23 .L 23 

+ M 2 4 .L 2 4 + M 3 4 *I < 3 4 = 0. 

Hence, if the direction-cosines of the planes a and /3 are 
proportional to a, b , c , etc., and a , b' , c', etc., respectively, 
and /3 intersects a in a line, we have 

aa' + bh' + cc' +ff +gg +hh’ — 0. . ... (1) 

Hence, if 0 , and 0 2 be the minimum angles between a and 
ft, we have cos flj.cos 0 8 = 0 , which shows that the planes 
a and j3 are simply perpendicular to each other.* 

This is quite analogous in form to the condition of 
perpendicularity of two planes or lines in the ordinary 
space. 


17. If a plane a intersects another plane (3 and its 
absolutely perpendicular plane /?' in a line, we have the 
two following conditions : — 

af + bg f -f ch f + aY-f b'g + c r h = 0 
Also, aa f 4- bV -f cc r -hff 4- gg* 4- hh l =z 0. 

# rife — Ana. Geo., Part I, § 24. 
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These symmetrical results show that the plane ft 
intersects not only the plane a, but also its absolutely 
perpendicular plane The relation between the planes 
a and ft is a reciprocal one and the above relations say 
that a and ft lie in the same three-space and are perpendi- 
cular to each other. They intersect in a line, as also do 
their absolutely perpendicular planes, and further each of 
the planes intersects the plane absolutely perpendicular to 
the other and vice-versa. Hence, any plane intersecting a 
plane and its absolutely perpendicular plane is a common 
perpendicular to both. 

Note. — Cole has defined two such planes as simply 
perpendicular planes. 

18. Rotation in Hyper-space.* 

Consider the effect of changing the directions of axes 
(without changing the origin) in a Hyper-space of four 

dimensions. Let/- (/= 1, 2, 3, 4 ; i= 1, 2, 3, 4) be 
the direction-cosines of a set of new rectangular axes, 
referred to the original system. If (#\, /*, x' a , be 
the coordinates of a point referred to the new axes, we have 
the following formulae of transformation : — 

(1) (2) (3) (4) "| 

\ = 1 1 x 1 + l 1 r a + 1 1 x 3 + 1 1 ' r 4 

(1) (2) (3) (4) 

-M a "M* ,e a 

(1) (2) (9) (4) 

*3 "a + ^3 

(1) (2) ‘ (3) (4) • 

,t ' 4 = l * P ! 4- ^4 X a + 1 4, r 3 + l* '' 4 J 

* F; N. Cole’s Paper— Amer. Journal of Math., Yol. XII, 1890. 
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These sixteen direction-cosines are connected by the ten 
following equations : — 


CS . 

II 

II 

2 (1, U V=1; 

2 (l l w )*=l; 

9*. 

II 

4=1 

4=4 

i — 4 

s (i, w V=i 5 

2 (I I W, )* = 1; 

4 = 1 

4 = 1 

*= 4 m ,,, *=4 

5 Z, (1) Z, U) = 0; 2 l 

( (l, i ( (8) =0;* 2 4 Z, (1 V 4) =0 


K2) 


* = 1 


t=l 


i=l 


2 4 1 (2) l , (3) =0 ; 4 1 , W l , l4) =0 ; * 2 4 l i W l i (4) =0. 


4=1 


4 = 1 


4=1 


If we apply this transformation to the equation of the 
Hyper-sphere, namely x x 2 4- .<? 3 2 4 .r 3 2 + 2 = R 2 , the equa- 

tion remains unchanged in form, i m e tf it becomes — 


x\ 2 +x\ 8 4- 2 4* u/ 4 2 = R 2 , 

* 

in virtue of the relations (2). 

Now, instead of changing the directions of axes, we 
might as well consider the Hyper-sphere rotated about 
the centre (origin) into itself. This enables us to view 
the subject from a different and more general standpoint, 
namely, — that of orthogonal transformation. 

Consider the following general transformation : — 

®\== a i- r i+ a i*,+«a ;p 8+a 4 f! 4 + a 5 

a *'. =Mi + Ma + b a x a + 4- b 5 

+ +c 3 * # -4c 4 aj 4 4-c 5 

*' 4 ,=d 1 x r +d a t a +d 9 v 3 +d 4i x 4i +d li 



motion in hyper-space 


29 


It* the origin is to remain unchanged, we must have 
a 5 =& 5 =c R =d 5 =0 

If the transformation is orthogonal, the Hyper-sphere 
transforms into itself and we have 

ai*+V+ c 1 1 + d 1 a=s 1 “1 

«2 8 +^a 2 +C a 3 +f/ a 2 ==l 

«3 a + &3 a +C 3 a +'V=l 

«* # +^ , +^ 1 + d * i =l 

a 1 a a +6 1 6 a 4-c 1 c a +d l fZ a =0 I 

r - ( 3 ) 

ti 1 (i a 4-CiCg -\ m d 1 d a — 0 

Cl id 4, +^ 1^4 + C 1 

«a a 3+ & a & 3+ c 2 f 3 + «M a =0 

+ & a & 4 . + t‘ a c 4 +d 9 (Z J) = 0 

“1" ^3^4 "1"^3^4 T — ^ .J 

t 

Thus it appears that the constants involved in the 
above scheme are proportional to the direction-cosines used 
in the previous scheme. Since the sixteen constants are 
connected by the ten equations of condition (3), it is pos- 
sible to express them in terms of six independent others, 
and the rotation about a point consists of oo® different 
operations. 

Prof. Cayley* has given a method of expressing the 
n 2 co-efficients of orthogonal transformations in terms 
of (£».«— 1) independent constants. In the present case 
#=4 and the number of independent constants is 6. Call 
them a, b, c,f, g } h . 

* Cayley^-Crelle's Journal, Yol. XXXlt 
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Then the 16 co-efficients may be expressed as follows : — 
ka^l— A 2 +/* - a 2 +0 3 — 6 2 +ft 8 — c s 

=1 +/ 9 +0 8 +A' 2 — a 2 — 6 2 — c a — A 2 • 
A-a a =2(a + A/— 67* + cgf ) 
ka s =2(64- A</— c/+a&) 

=2(c+ Afc— 00+ 6/) 

/r6 1 =2(— a — Af+cg—bh) 

kb 2 =1 +/ 2 + 6 2 +c 8 -a 3 -y 2 -7* 3 - A * 

7r6 3 =2(7* + A c+fg—ab)- 
kb„ = 2 ( — g — A 6 + 6/— ac) 

=2(— 6— A^~ c/+aA) 
fcc a =2(— 7* — Ac+/y— a6) 

A’C S =1 +y 2 + c 3 + a a -6 3 - 7* 2 -/ 2 - A a 
kc 4 =2 (f+ Aa+y7*— 6c) 
kd 1 =2(—c—hA+bf—ag) 

M a =2(#+ A6+/6— oc) 

M 3 = 2(— /— A a + 0^ — 6c ) 

JW 4 =1+ A 1 +a 3 + 6 2 -r,» -/* -</ 2 - A 3 

where A ^a/+ 6y + c/*, and 

*=l + a* +6 3 +c 2 +/ 3 + </ 2 +6 2 + A 9 . 

19. By the above transformation the origin remains 
fixed and the Hyper-sphere is transformed into itself. 
Let us examine whether there are other points besides the 
origin which remain unaltered by this transformation. 
If such points exist, their co-ordinates must satisfy the 
equations (obtained by putting^, x 9 , $ 3 , respectively 
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for x\ } ,t/ a .Vg, x 4 in the scheme of transformation), /.<?., 
they must satisfy 

(a,— l)^ 1 +a a aj 3 +rt 3 ;r? 3 -f a 4 ® 4 =0 > 

^ 1 1 "h ^3*^3 "t“ ^4 '4 == t) 

^ (1) 

<V* i + c . * a + (c 5 ~ l)*Cg + C* r,, =0 
d 1 x 1 +d 2 r- a + d 3 .is a + (<** — 1 ).r * =0 > 

These equations are satisfied by the values (0, 0, 0, 0) 
of the variables which of course correspond to the origin. 
If other points are to remain fixed in the transformation, 
the equations (1) will be satisfied by values of the 
variables different from zero, and we shall have 


— 1 a * a s <* * 

1 h 3 6 4 

C l C 2 ^ 3 ~1 C.i 


= 0 


d x d 2 . d 3 i/ 4 — 1 


( 2 ) 


If in this determinant we substitute the values of a 9 s 
b% etc., and simplify, it reduces to A 2 /£. Thus the deter- 
minant does not identically vanish, and the vanishing of 
the determinant requires that A = 0 or qf+bg+ch — 0. 
Hence A=0 is the condition necessary for the existence 
of points which remain fixed in the transformation. 

When the condition A=0 is satisfied, the four equations 
(1) reduce simply to two independent equations : — 

f (— a # — h B ~ c a ).r l + (a— 5^-f cg).v 2 4- (6— cf+ah).r, s 

+ (c—ag+bf),r 4i =zO 

(— a+cg—bh) r 1 4-( — a 8 — 0 s — • &*)*» 4-(^4-/0 — ab)je 9 

+ (—<74- hf~ac) x* =0 


( 8 ) 
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Thus the points of the plane determined by (3) remain 
fixed after transformation and the rotation like this in 
which a plane remains fixed is called a “simple rotation.” 

The functions 9 , L l3 , etc., determined by the two 
normals to this plane are found to be a® A; 2 , able*, ack*, 
afk 2 , —agk 2 , ahk * , where A—l-fa® + & 2 +c 2 +/ 2 *f gf 8 + h*. 

Consequently the direction-cosines of the plane are 
proportional to f, g , h, c,—b , a. 

Hence we see that the six independent constants used 
in the transformation are proportional to the direction- 
cosines of the fixed plane of the rotation. 

20. This fixed plane is not only converted into itself 
but its individual points also remain fixed, and we say 
that the Hyper-sphere rotates about this fixed plane. This 
plane is called the “ axis plane v of the rotation. In fact, 
all figures in a Hyp>er-space of four dimensions may be 
rotated about some plane as the axis-plane. 

The plane absolutely perpendicular to the axis plane 
is converted into itself, but its individual points do not 
remain fixed. In fact the absolutely perpendicular plane 
rotates through a certain angle about the point where 
it meets the axis plane, f.e., the origin. This angle is 
called the “angle of rotation” for the transformation of 
the Hyper-space. 

We have seen that the Hyper-sphere transforms into 
itself and consequently the circle in which the absolutely 
perpendicular plane intersects the Hyper-sphere is con- 
verted into itself. Thus the two polar circles * are con- 
verted into themselves. 

We conclude therefore that the rotation of the Hyper- 
gphere on itself is the same as the rotation of the 

# See B, P. Manning— Geometry of Four Dimensions,— § 121. 



MOTION in hyper-space 88 

point-Geometry at its centre. In a simple rotation, a 
certain great circle — the axis plane of rotation — remains 
fixed in all of its points; while its polar great circle — called 
the circle of rotation — rotates or slides on itself. 

21. The angle of rotation : 

We know that a certain plane is determined by four 
conditions. But the direction-cosines of the plane of 
rotation are connected by the relation A~af + bg + ch~ 0, 
and are therefore equivalent to five independent constants. 
Thus, one degree of freedom is left to the plane of rotation 
and the angle of rotation is a function of a single constant 

If we take any line (l lf l 2 , l 3 , /*) in the absolutely 
perpendicular plane through the origin, this line is rotated 
through a certain angle 0, which is called the angle of 
rotation . If l\ y l\) be the new position of the 

line, then we have — 

cos 0 — lf x + 2 -Ma?* 

Now, we can substitute the values of f/' x , l\, 
in this from the scheme of § 18 and thus determine 0 . 

Thus, we obtain — 

cos 8 4-6 a Z a 2 -f-c 3 Z 3 2 2 

+ (a a + ( a a + c i )Ms "b( a * )M* 

+ (& 3 + + (&4 f ~( c * + d 8 ) M ** 

fc cos 0=(l-f/ 8 -f# 2 a 2 — 6 2 ~ c*)lf 

+ (1 Z a * 

+ (l+^ s +c 9 + a 2 —b* —f 2 — h*)l s * 

+4 (cg—bhyiJi +4(afc— +4(6/— ay )Z 1 / + 
•f , 4(y^f- i * ,, ®6}Z a Z a -f- 4(A/— ac)Z a Z 4 -{• 4i(yh—bc)l 3 l ± . 
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where fc=l'+/* +g* + h % +a 8 4- 6* 4*c 8 , 

and A = a/4- % 4- c-/* = 0 

/.A; cos 0 =A;- 2 (a 2 4 -& 3 4 -c 2 )Z 1 3 — 2 (a 2 + gr* +n- } i % 

— 2(fe 2 +/ 2 -f A 2 )/g 2 — 2(c 2 4-/ 9 + y 2 )h 2 

+ 4(cgr— hk)l x l % +4 {ak—cf)l x l. A -f 4(6/— ag)lj^ 

4- 4 fy — aft) / a Z 8 4- 4( //-— ttc) Z a Z * 4- 4(</& — &c) Z 8 Z 4 , 

... (1) 

If we take a normal to the axis-plane for the line 
(In t%y lay ^)> the above expression will give the value of 
cos 0 . 

We may take the normal to a three-way space (8) of 
§ 19 for the normal to the plane : 

Then, l x : 1 . 2 : / 3 : l-± = (— a -6 — 2 c iJ ) : (a — 6 /t, + cff) : 

( b — cf 4* a/0 •: (c — t/f/ 4- 6/) . 
. 7 — (a 9 -f 6 * 4-r 2 ) 7 _ a—bh+cy 

•• £» 1 , p , 

7 _ b—cf+aJc 7 _ c— a</4-Z>/ 

8 — j 1-4, P 

where P*=(a* -f 6 9 4- c 2 ) (1 +/ 2 4- £ 9 4- 4- a 9 4- 4- c 9 ) 

Substituting these values for Z n Z a , A 8 , Z 4 in ( 1 ) we 
obtain, after simplification — 

_ (a 2 4-6* + c * ) A* 8 — 2(a 9 4-fe a 4-c 9 )(A; 9 — A) 

(a* + 6 * +c* )k* 

k*— 2 (k* — k) 

k* 

_2 k-k* 


_ 2 -k 
k 

_ l-f' -g* -h* -a* -b' -c* 
* +/•+>* +*•■+«*+ 6* +«• 
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where £=!+/* +g* -|-A a +«- 9 -H6 a -|-f5* 

1 — cos 0 _ 2(/*+sf*+A ,, +a s +6 , +c*) 

° r ’ 1+cos 6 2 

=/* + 3 * +&* + «’ + 6 ’+< ; ’ 

==.p+g*+h*+a* + b*+c* ... (3) 

This formula enables us to find the angle of rotation 
for the axis-plane whose direction-cosines are proportional 
to/, g, h, <?,- b, a. 

Prom (8) it appears that the direction-cosines of the 
plane may be taken to be 

//tan | , .( 7 /tan ? , ^/tan ~ , 

c/tan | , —4/ tan j? , a/tan ~ . 

<V fi. 

We may arrive at the same result * from the fact that 
the angle of rotation depends upon a single constant. Let 
/> 9> K a proportional to the direction-cosines of 
the, axis plane, with the condition af -f bg 4- ch = 0. 

If f > 9* 3 ^ e‘ \—h ' , a be the actual direction-cosines, 
we have 

f:g:h:c: — b:a=f:g':h f :c ; 

R a=:a\ pb—b\ pc—c/, pf=f, P9=g\ plt^h’. 

; m P 9 (/* +9* + h* +a* + b 2 +c*)~l i since 2a' 2 =1. 

Now, if we subject the quantities/, y, h, c,—b , a to a further 
condition, the plane will be fixed. Consequently, p may be 

* Cole hm obtained the expression for $ from this latter consideration. 
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made to depend upon the angle of rotation, or, we may 

write p~l/Vf 2 -f g* + h* +a* + 6* + c* =cot? 

Z 


We may take a! ~ a cot 


6 

2 ’ 


etc. 


Thus, we obtain tan 2 ~ =/ 2 + <7 2 + /? 2 *f a 2 4- 6 2 -f c® 

Z 

and sec 2 ^=1 -f-/ 2 +g* -fa 2 + 6* + c 2 . 

Example : Suppose the axis plane is taken to be one of 
the co-ordinate planes, (say) the plane of ^ and ,r 2 . 

We have 


Now, if the axes of ,r a and r 4 are turned through an angle 
0 , since the axes of »•, and ,r 2 remain fixed, the formulae 
of transformation become— 


T ' — — It */ 2 # 4- # 

1 " 1 i+? * + i+? * 




But, by considering the geometry of the plane (r 3 , ,r 4 ), 
we have — 

* aj' 3 =oo8 0. # 3 — sin 6. 

=sin 0. .r 3 4-cos 0. ,v 4 . 

•\ Comparing these two forms, we obtain 



1 

1 +/® 


and sin 0= 



[These results evidently follow from formula (2)]. 


Salmon’s Conics— § 9. 



MOTION IN HYPER-SPACE 37 

Thus we see that the angle of rotation is determined by 
a single constant f. 

Corollary: — The expression for the angle 0 of rotation 
for the axis-plane 

r i "M' a .r a + V 9 x 9 +l\x i , =0 

is given by 

2 8 2 2 2 2 

cos 6= ^ > • ~ J k L »*~ ... (8) 

2 2 2 2 2 2 ' 

1 -j- L 1 2 4 " l J i s "t T-j i 4 * 4 “ Tj 2 3 * 4 “ Ti a 4 H- L 8 

22. Two successive simple rotations around two 

different axis-planes are together equivalent to a simple 
rotation, «.<?., a rotation around an axis-plane, if, and only 
if, the two axis-planes intersect in a line. 

Let us define the two rotations bv the following for- 
mulae of transformation : — 


.v , '=sa< + a * 4- a , 4 .r 4 

x /'=«' j j x\ 4- a’ i • a i/ 2 4- a' # 4- o ! ; *x \ . 

(• = 1 ? 2, 3, 4.) 

and suppose that the rotations occur in the order in which 
they are written. We therefore have 



x i / '=a r il (a 11 .v 1 +a l tX q +a 19 :r s +a l t.Vt) 
+ a' i2 (a %l v 1 +a 99 x i + a 1 ',Xz + a % tX4) 

4* a f a(^3 I' r i 4®s a ,r 2 4^3 3*^3 4'®34 T i i, ") 
+a\ 4 (a 4 ,*i + a* a aJ a 4-a 43 .r s + a 44 * 4 ) 
=a"< 4- a", 9^9 +»"< 3 r 3 +a" f 4 r 4 

where i +^*«9>+«'fs a s >+ a, <* a 4 > 


... (2) 


(z=y=l, 2, 3, 4.) 
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Let 6, e, f, g, h ; and a', b-, g’ , h ' be the inde- 

pendent constants in the above two transformations and 
a ", £", c " ,/", g", h” be those of their resultant. 

Also, let A, A' and A " be the corresponding functions 
of the two component transformations and their resultant 
respectively. 

Then we have * 

Ua''=a+a f - Aj-Af^bh'-b'h+e'g-cg', 1 
( D h* = b + V — A f g — A g r + cf c'f+ a'h —ah!, 

Dc"=c-f-c'— £±!h— A V + ag ! — a'g -f b'f— bf , 

P/'i=/+/ — A ; &— &a! +bc t —b , c+gh , —g t h, ^ ... (3) 

Dg" —g + g 9 — A 'b — A V- + ca! — c'a + /7i —fh\ 

DA" sA+V-A'c-Ac' + afe'- a'fe +fg f -—fg- 
,\D A"= A 4- A ' 4* a'f+ af + ?#'+ ^ » 

where D=d + A A ' — aa' — bb' — cd—ff—gg'—hh'. 

It is easily seen that A"= fl"/" 4* b"cf -f c"h 

Now, since each of the given rotations leaves a plane 
fixed, we must have A=0 and A ==0 (§ 19) 

Tf the resultant rotation is to be a simple one, i.e, } if 
it- leaves a plane fixed, we must have A // = 0, and 
consequently, from the last of formulae (8) it follows that 
we must have af -f a[f+ bg' -f b'g 4 cli + ch = 0. But the 
last condition implies that the two axis-planes should 
intersect in a line (§ 15). Thus, if the resultant of two 
simple rotations is also a simple rotation, the necessary 
condition is that the two axis-planes of the two component 
rotations must intersect in a line. 

* These have been calculated by Cole — American Journal of Mathe- 
matics, Vol. XII, 1890; or, we may directly calculate them>y applying 
Prof. 'Ganiev's ^formulae. 
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Again, if in addition to the conditions A = 0, A^O, 
we have further of + a'f+ bg + (/ g + ck f + c ft — 0, if follows 
that A ,/ = 0 , or the resultant rotation leaves a plane fixed, 
i.e., if the axis planes of two component rotations intersect 
in a line, the resultant is a simple rotation. 

Thus the resultant* of two simple rotations is notin 
general a simple rotation ; it is a simple rotation when, 
and only when, the axis planes of the two component 
rotations have a common line of section. This condition 
is both necessary and sufficient. 

We may therefore enunciate the converse theorem as 
follows : — If two successive simple rotations are together 
equivalent to a simple rotation, the axis planes of the two 
rotations are in a three-way space; and when they have a 
point in common, they intersect in a line. 

23. The axis-plane of the resultant rotation passes 
through the line of intersection of the two given axis 
planes ; or the three axis-planes are all perpendicular to 
one and the same plane. 

As before, let the direction- cosines of the axis-plane be 


a. b, c , f... ; a\ b\ c', a\ b\ c", 

Since the resultant is a simple rotation, we have — 
of+a!f+bg r +b'g f cA'4*c7i=0. 

The first and the second axis-planes intersect. 


* In contradistinction to the name “ simple rotation,” the name 
“ double rotation ” has been given to the resultant of two rotations. 
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Also, D(af+aTf+ bg"+b"g 4- ch"+c"h) 

= (af+a'f+ bh'f+ Vhf+ c'fg-cfg') 

4* (a/4- a/ 4- abc' — ab 'c 4* agh ! — ag'h ) 

+ Q>g + Vg 4- c/ gr - c'/gr 4- a!gh - agr/i'j 
4- ( bg 4* bg f 4- a' be — abc’ 4- bfh — bfh r ) 

4- (c^ 4- c'h 4- ag'h — a' gh 4- b'fh - Z/'A ) 

4- ( ch 4- ch' 4- ab'c — 4- cfg 1 ' — c/'gr ) 

=2(a/4- 4- eft) 4* (of ■ 4- a'/+ V 4- b'g 4- ch' 4- c'h) 

=0. 

The third axis-plane intersects the first one in a line. 

Similarly, a'f + Vf 4- c'W 4- a”f + V'g' 4- e"k' = 0. 
Thus the three axis-planes intersect two and two in a line. 

If these planes have one other point common besides 
the origin, they intersect in a line. 

Let (A 15 A a , A s , A,) be the line of intersection of the 
planes. 

Then, 2M f = 0 2A </',=(), 2A t m, t =0 

2A i w! i =0, 2A , n i =0, 2A * n! { =0. 

By eliminating \ xy A a , A 3 , A^ in turn from these equa- 
tions, we obtain four equations of condition : 

Thus, eliminating A 4 from each pair we obtain 

h\ x — -&A a -f aA s =0 
h'\ x — b'\ % 4* a*A 3 =s0 
h"\ 1 -b"\ 9 +a"\ !i =:0 
h b a 
h' b' a' =0 ... (1) 



A" b" a' 
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Similarly we obtain b' c' f =0 ... (2) 

b" c" f" 

f 9 h 

=0...(3); /' g' h' =0 ... (4) 

f" g" h" 

If theses four conditions are satisfied by the direction- 
cosines of the three axis-planes, they all have a common 
line of section. 

But if these conditions are not satisfied, it is possible 
to determine six quantities a'”, h'" , d", f'" > ff'"> h"' such 
that they satisfy the following seven relations : — 

af" + bg"' + eh'" +/«"' + gb'" + lid" =0 

aa!" + bb‘" + cd " +//"' + + h h'" = 0 

a’f" + by + dli"' +fn'" + g'b '" + fi'd" = 0 

a' a!” + b'b"’ + c'd" +//"' + g’g" + h'h '" = 0 

+ b"y"' + d'h'" +f"a + g"b'" + h"d"~ 0 

a" a'" + b"b "' + c"d" +/"/" + g"g"' + h“h !" =0 j 

a'"f + b"'g"' + d"h'"= 0. 

Hence, the three axis-planes either intersect in a line 
or are all perpendicular to one and the same plane. 

24. To find the resultant of two simple rotations 
whose axis-planes are absolutely perpendicular to each 
other. 

Let the direction-cosines of one axis-plane be L t s , L t a , 
L 14 , L 33 , L 24 , L 34 , and consequently those of its abso- 
lutely perpendicular axis-plane be L 84 , L 4a , L 33 , L 3 u 2 . 
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Then the constants of transformations are given by 
a~k L ia , b = k hi 18 , 1c L l4 , 1-^3 4’ g — k b a4 ., 

hf — 1c 1 ^ 2 5 * 

and <*'=*' L 34 , V = V L 42 , c'=&' L ls ,/=fc' L la , 

^_fc'L 81 , /*'=&' L 14 , 
where k and k' are any two multipliers. 

Then , A"= of + a'/-h bg f + b’g ■+■ cti + c/h 


zjck' (L 1 „ + L ! 3 +L 1 4 + a +Lj 3 +L . 


~ kk '~ 

D = 1 — aa' — bb ' — cc! —ff — gy' — /*A r 
=1 2fcfe , {L d4 .li l a -(• L 4 3 .JLi 4 2 4*b j 4 .L a 5 } 

—li since L S1 , .Li la 3 .b 4 a 
Alsu, A = A'=0; 

a" =a-t-a f -bbh f —b > h+ o' g — eg ' 

=a + a , 4-&k {1^! 3 .L x 4 — rIi 4 g.L a# *+■ L a g.Iij 8 — L 14 .L lg } 
~ 4* a si /i* b j. 2 *4* k Ij g 4 • 

Similarly, 6 " = b +.6' = A* L x 8 d- A/ L 4 a 

etc. etc. 


, From the above values of a\ b u , c" > etc., it appears 
that they are symmetrical as regards the elements of the 
two axis-planes. Hence we rriay enunciate the following 
theorem : — 

Rotations around two absolutely perpendicular planes are 
commutative ; after two such rotations all points of the 
Hyper-space take the same positions, whichever rotation 
comes fni. 
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25. We have seen that in a simple rotation the 
Hyper-sphere is transformed into itself. Therefore, 
when it is rotated successively around two absolutely 
perpendicular axis-planes through its centre, it will be 
transformed into itself. Thus, we obtain the theorem i — 
Any position of a Hyper-sphere can be obtained from any 
other position with the same centre by a simple or a 
double rotation.* 

Parallel motion i — When the two rotations of a double 
rotation are equal, it is a parallel motion, corresponding to 
an isocline rotation t at the centre of the Hyper-sphere. 
In a parallel motion all great circles parallel J to the 
circles of rotation in the sense of the rotation rotate on 
themselves, and the motion can be regarded as a parallel 
motion along any polar pair taken from this set of circles. 
The motion can be regarded as a parallel motion with 
regard to the set of circles without any reference to the 
axis-planes or planes of rotation. 

26. We have seen that a Hyper-sphere can be moved 
freely on itself, which readily follows from the fact that a 
Hyper-sphere is always converted into itself by a simple or 
a double rotation. Consequently, if we take a portion of 
its surface (which is of three dimensions) and move it 
freely along the surface, it will always wholly coincide 
with the surface itself. Therefore we can say that a 
Hyper-sphere is a space of constant curvature. § If the 
space in which we live were a Hyper-sphere in Euclidean 
space of four dimensions,. we should realise what is called 
the Elliptic Geometry. The Elliptic Geometry assumes 

* Manning — loo. oit. Th. I, p. 219. 

f To be. explained later. 

(Clifford — Proo. London Mathematical Society, Yol. IV (1873). 

§ Gauss — Coll. Works. 
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that our space is a space of constant curvature like a 
Hyper-sphere, and not a space of no curvature like a three- 
way space. The Geometry of the Hyper-sphere is found 
to be the same as the Double Elliptic Geometry,** We 
shall take up the subject of curvature of surfaces on 
another occasion. 

27. The motion in Hyper-space is completely deter- 
mined by that of its four non-coplanar points; if we 
are given any two positions of a figure such that one can 
be obtained from the other by a motion in Hyper-space, 
then, any motion in Hyper-space which brings four non- 
coplanar points from their first to their second positions 
will carry every point of the figure from its first fo the 
second position. 

hor, each point of i lie Ihree-way space determined by 
the four given points comes to its second position by this 
motion ; and any point which does not belong to this 
three-way space remains at the same distance from it, 
on the same side of it, and with the same projection 
upon it. Therefore it must come to its second position. 

Or, we may prove it by the analytical method as 
follows : — 

Let the motion be determined by the following trans- 
formation scheme : — 

;<• j = a i l .r l -f-fl i 2 "f “U, 3 # 3 -pa,- 4 a * 4 

(i=l, 2, 3, 4.) 

The scheme involves twenty independent constants. 
The condition that any four points transform to four 
others is equivalent to sixteen relations among these con- 
stants. Further, the fact that the four points are non- 
coplanar supplies four additional conditions, namely, — the 


•Mining— Nou-Enclidean Geometry. 
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conditions for the constancy of the mutual distances of the 
four points* (non-coplanar). Therefore, the twenty constants 
are connected by twenty equations of conditions and can 
therefore be uniquely determined. The scheme is there- 
fore unique and will transform any point to the corres- 
ponding point in its new position. 

28. If after a motion in Hyper-space, three non- 
collinear points of a figure remain fixed, then every point 
of the figure with remain fixed, or will be rotated 
through a certain angle around the plane of the three 
points. 

Suppose the origin is one of these three fixed points. 
Then the scheme becomes — 

•*'i =^1^1 -f a 2 -'a + a s r s + a * r 4 ^ 

•t „ — b , V ^ “f* “t" ^4. -'<‘4 

... (1) 

a j| — c j ,i’ j -f* Cj <‘ a -f* ,i* s 

z^d l .v l +d 9 .v t -fd 4 r 4 

If besides the origin two other points remain fixed, we 
must have the following equations satisfied by more than 
one set of independent values of the variables : — 

( fl l — 1 ) ;f* 1 s 1 ‘j -f* ''j -f* a 4 .»’ 4 rr 0 ^ 

^i*®i "b (hj — 1) *r 3 *'3 = t) 

c i v i +Cf 2 + (c 3 — 1) ^ 3 +c 4 .r 4 =0 

d\Vi + * a +d a .* s 4- — I) .»* 4 =0. 

Then, each of these equations may be an identity, and 
in that case, we must have a t = 1 , b % = 1 , c z = 1, d 4 =s 1 and 
all other coefficients zero. The scheme becomes . 

ir 2 =#' 2 , ir 3 =^' 3 and v 4 =:af\, which is a scheme in which 
til the points remain fixed, 
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‘ If the equations in (2) are not identically satisfied, we 
obtain after eliminating the variables the condition that A 
should be identically zero. This case we have investigated 
in § 19, and we have seen there that the transformation 
amounts to a rotation about the plane determined by the 
equations (2), which evidently passes through the three 
given points. 

29. If after a motion in Hyper-space, two points of 
a figure remain fixed, then every point of the figure remains* 
fixed or is rotated through a certain angle about a certain 
plane passing through the points. 

Supposing that the origin is one of the fixed points the 
scheme of transformation is given by (1) of the previous 
article. If one other point is to remain fixed, equations 
(2) must be satisfied by values other than 0, 0, 0, 0. Then 
we must have either the coefficients in (2) separately zero, 
in which case all the points remain fixed after transforma- 
tion, or A = 0, and this determines a rotation about a 
plane through the points. 

Corollary: — If after a motion in Hyper-space, one point 
of a figure remains fixed, then every point of it will remain 
fixed or will undergo a single or double rotation. 

This follows from the scheme (1) of § 18. 

30. Rotation in a Hyper-space of r-dimensions 

From what has been said above it is easily seen that we 
can generalise the theorems and can extend the formulae 
to spaces of any number of dimensions. The scheme of 
transformation for any r-way space contains r(r+l) 
constants. The absolute terms will vanish if the origin 
is to remain fixed after transformation. The scheme then 
contains r* independent constants which, according to 
Cayley’s formulae, can be expressed in terms of ir(r^-l) 
others. If other points besides the origin are to remain 
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fixed, a determinant of the rth order of the coefficients 
must vanish, whose value can be determined in terms of 
the \r{r— 1) constants of transformation. In general, 
other points of the r-way space do not remain fixed, but if 
this determinant A vanishes, other points remain fixed 
and all these points determine an (r — £)-way space, which 
we may call the axis (r — &)-way space, i.e>, in this 
motion the (?•— 2)-way space remains fixed and all other 
points are supposed to rotate about this (r — 2)-way space 
as fixed. The constants in transformation may be shown to 
be proportional to the direction-cosines of the ( r — £)-way 
space, if we extend the notion of direction-cosines of 
a A;- way space and define them to be the “ cosine-products 99 
of the angles between the A 1 - way space and the axial 
fr-way spaces. The number of such products is 
rC r _ a rC 3 = br(r — 1) and these are proportional to the 
constants in transformation. 

In the same way, we may widen our conceptions and 
obtain formulae corresponding to rotations in Hyper- 
spaces of any number of dimensions. 

31. Planes isocline to a given plane:— Let a and 
ft be any two planes intersecting at a point O. Let l, m;p, q 
be the minimal lines respectively in these two planes, so that 
the planes (/, p) and (m, q) are the two common perpendi- 
cular planes to a and ft, and they are absolutely perpendi- 
cular to each other. 

If 0 and & be the angles between the two planes a and 
ft, we have 

A A 

lp=.Q and mqzzO'. 



Fig. 7 
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Since the planes (l, p) and ( m , q) intersect the plane a, 
they both intersect the absolutely perpendicular plane a. 
Let V and m be these lines of intersection with the 
absolutely perpendicular plane. Thus we have a system 
of four mutually perpendicular lines ( l , m, 1/ m f ). Any 
three of these determine a three-way space perpendicular 
to the fourth. Without disturbing the fourth we may 
permute these three in a cyclic order by a rotation about 
the line in their three-way space equally inclined to them. 
In this way we obtain twelve different arrangements of the 
four lines. The system is said to be congruent * to itself 
in any of these twelve arrangements. But if we rotate 
the system of three in the four-way space about a certain 
axis-plane, the fourth line will be disturbed and the 
system will not completely occupy its former position. 
For instance, if we take the plane through l bisecting the 
angle between V and m as the axis-plane, the direction 
of m f will be reversed, if we rotate the system through 
180° around this plane. In fact m will occupy a position 
symmetrical with respect to the three-way space of 
1 3 ly m , 

Then, ft makes with a angles 0 and 0' and thereby we 
associate a sense of rotation in fi corresponding to the 
order l 9 m , i.e., a sense of rotatiou which turns p through 
90° to the position of q. When 0=0/ is isocline 
to a as well as to a/ By giving different values to 
0, we obtain an infinite number of planes isocline to a and 
a and to one another. All these planes are perpendicular 
to (/, V) and ( m , m) and are called a series of isocline 

*C. J. Keyser, — “ Concerning angles and angular determination of 
planes in four-space.” — Bull, of the American Math. Soc., Vol. 8, 1002. 

I. Stringham — On the Geometry of planes, etc.. Trans, of the 
American Math. Soc., Yol. 2, 1901. 
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planes. The planes ( l,V ) and ( m,m ') are mutually absolutely 
perpendicular and also isocline to each other. Thus we 
obtain a series of planes isocline to ( l , V) and ( m , m'). This 
latter series is called is a series of isocline planes conjugate 
to the former series” It is to be noticed that the planes* of 
the one series are all perpendicular to the planes of the 
conjugate series. 

32. Isocline rotation There ai;e other systems of 
planes isocline to the plane a. Apply a rotation to the 
system in which the plane a remains fixed; i.e., let us 
rotate the system around a as an axis-plane. Then the 
plane a turns on itself through a certain angle (angle 
of rotation), i.e., the lines l' and m* are rotated through a 
certain angle. Denote by l" and m" these lines in their 
new position. We obtain in this way a new system of 
isocline planes corresponding to this new arrangement, 
together with a corresponding conjugate series. The latter 
series of conjugate planes are all perpendicular to all 
planes of the new series, but not to any of the former 
series except a and a.' We may here establish the following 
theorem : — 

Theorem : — If a series of planes, isocline in the same 
sense to a given plane, is rotated around the given plane as 
axis-plane, they still remain isocline to the axis-plane and 
the conjugate series are turned through the angle of rota- 
tion about the lines in which they intersect the given 
plane. 

Let us take the series of planes isocline in the same 
sense to the axial plane of and x 2 . Let ( l , m) be the 
minimal lines of a plane of the series and (x l , x 2 ) those of 
the axis-plane, and let the minimal planes* intersect the 


* Cf. Ana. Geo,, Part I, § 33. 



50 


ANALYTICAL GEOMETRY 


plane (.r 3 , x 4 ) in the lines V and m\ Then the plane 
(/, V) belongs to the conjugate series. In the rotation, the 
axis of t j remains fixed, while V is turned through a 
certain angle 0 in the plane ( x 3i .r 4 ) to a new position 
l" • Let p and q be the new positions of l and m. It is 
required to prove that (/;, q) is isocline to the axis-plane 
and the plane of (v 1> p, l") is perpendicular to (r 1 , ,v 2 ) and 
the angle between this plane and that of (.r^, l, l") is 0, 
i.e the angle of rotation. 



Fig. 8 

The formulae of rotation for this are, by § 21 , — 




— 2 / 

1 +f* 


1 -/» 
l +‘/ 2 


Evidently, the lines l' and m f are the axes of # 3 and x 4 
respectively. The direction-cosines of l and m may be 
taken to be respectively {l u 0, 0) and (0, m S9 0, m 4 ). 

If l is a point on the line /, it is transformed into a point 
p on the line p, where Ip { — =.r t ; Jcp 2 =/ g =a? 2 = 0. 

^3=^3= \+j% l * ; *p + =.r' 4 = where k is 

arbitrary. 
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The direction-cosines of p are proportional to — 


(li, o, 


1-f 

l+/ a 


- 2 / 1 ) 
l + f» ' 


Similarly, those of the line // are 


i +/* 


i -/ 4 

i+/*' 



The lines p and q are mutually perpendicular, as 
can easily be verified. 

Also, the planes (r x , p) and (.«.* 2 , q) are perpendicular 
to the plane (a? 1 , a* 2 ). 

Thus (ojj, jt?) and (r 2 , y) are the minimal planes of 
(*,, *,) and (/», ?). 


A 

COS 




V'.-+(fc£) 


*.* + 


4 /* 


(1 + P ) 2 


i. 


Ji 


= since J, 2 4- 


A 

Similarly, cos <p 

But (i, »i) is isocline to (,i „ '’ 2 )• .\ /,=•»«,. 

Hence also (p, ?) is isocline to (•»,, .«* 2 ) and the 
sense is also the same. Thus the plane (l, m) remains 
isocline in the same sense to the axis-plane even after 
rotation. 


Again, the angle between the planes of ( l , ;«,) and 
(p, *,) is given by — 


COS <t>= 


(Ip)— 
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or, cos <£= 


(fr WK)* 

l>xj* 


( Zp)--cos 8 A 
sin 8 A ’ 


A 

where 


Now, 


(lp =h 2 + 


w s -i 
i+/ a 


2 


.*. cos = 


V + 


w s 

!+/» 


•7 2 7 2 

63 C'! 


l -/ 2 

1+r 2 


= cos 0, where 0 is the angle of rotation. 

Therefore, the angle </> being constant-, the conjugate 
series are turned through the same angle 0. 

It is to be noticed here that the conjugnte series a — ft 
and the conjugate series to a — y have one and only one 
pair of common perpendicular planes, namely a and a, and 
these two series are isocline in opposite senses. This can 
be proved as follows : — If the two series are to have a 
common plane, that plane must be isocline to ( l , x x ) as 
well as to (p, x t ). Let such a plane intersect (c l9 x 2 ) in a 
line ‘a* and (1/ in) in a line l b 9 b lying between l and l." 

• A A A A A A 

Then x 1 a^Vb i and x x a — l n b. Thus Vb^lb" , so that the 

line b bisects the angle between V and V' . The plane (M) 
is then isocline to (4,-^) in a sense opposite to that in 
which it is isocline to ( p , ;r x ). 

Hence the two series are isocline to the plane (a, b) 

A 

through the bisector of the angle VV f and also to its abso- 
lutely perpendicular plane ( a'b '). It further appears 
that the planes (c l} x 2 ) and (l\ m!) are the only planes 
which are perpendicular to both the series and also to the 
common pair of planes ( 0 , b) and (a', 4'). 



Motion m hyper-st a £je 


tt3 

Thus yve obtain the theorem : — If two planes are 
isocline to a third in opposite senses, the three planes have 
one and only one pair of common perpendicular planes. 

Prom what has been said above, we may at once 
deduce the following as a corollary : — If two planes are 
isocline to a third in opposite senses and make the same 
angle with it, they always intersect. For, the planes (l, x x ) 
and (#,%!) which are isocline to (a, b) in opposite senses, and 
A 

make the same angle t r A a with it, intersect in the line x t 
on the plane (#j, ;r 2 ). 

33. From the preceding article it is easily seen that 
the planes (/, m) and Qb, q) are isocline to each other in 
the same sense in which each of them is isocline to the 
plane (,r 1? <*•*). 

For + -h 2 and (mq)=m i *+ m t 9 

Also, l 1 =m 2 and Z 3 =w 4 . 

.\ (^) = (»^) and consequently the two planes are 
isocline and in the same sense. 

We may prove this theorem geometrically as follows : — 
Let the two planes /3 and y be isocline to the plane a in 
the same sense. Then, ft and y have one pair of common 
perpendicular planes and let them intersect ft and y respec- 
tively in the lines l y V and m, 



Fig. 9 
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A /\ 

Now, IV and mm! are two right angles in the two 
planes ft and y. In the plane « take two lines p and 
p ', such that (l,p) and (V,p) are two common perpendi- 
cular planes to a and ft ; and let q and q be two perpendi- 
cular lines in y, such that (p, q) and (p/ q) are two 
common perpendicular planes to a and y. 

A 

Thus Ip — the isoclinic angle between a and /?, and 

/\ 

pq — the isoclinic angle between a and y. 

A /\ A A f 

Now, since IV and mm are right angles, pp and qq' are 

A /\ 

also right angles. Therefore mq—m’q'. 

Since ft and y are isocline to a in the same sense, the 
two planes (/, p) and (q,p) are inclined at a constant 
angle, so that the angle between (l, p) and ( p , q) is equal 
to the angle between {V , p f ) and (p' 9 q). Now, consider 

A A /\ A 

the solid angles Ipq and Vp'q . We have Ip — Vpi'^pq—pq* 
and also the dihedral angles along p and q are equal. 

A A f 

The third face angles lq and Vq are equal.* 

Again, consider the solid angles Imq and Vm'q' . We 
A /\ /\ A 

have mq — viq and lq — V q ; also the dihedral angles along 
m and m are right angles. 

/\ /\ 

Therefore, the angle lm=z angle Vm\ i.e., the 
planes ft and y are isocline, and in the same sense 
as to a. For, if not, a and ft, being isocline to y in 
opposite senses, would have with y one pair of common 
perpendicular planes perpendicular to all three. But 


* This can be deduced as a corollary from §. 27, Ana. Geo.,’ Part I. 
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and y being isocline to a in the same sense have no 
nmon perpendicular planes with a, unless they belong 
the same series of isocline planes. 

N.B . — When we say that two planes are isocline to a 
rd, it is understood that they do not generally belong to 
> same series of isocline planes. 

The above theorem may be stated as follows : — If two 
,nes are isocline to a third in the same sense, they are 
cline to each other in this sense also.* 

34. Any plane polygon is similar to its projection on 
isocline plane. 

Let the two planes intersect at O ; and A and R be two 
nts of the polygon. Let A' and B' be the (orthogonal) 
sections of A and B respectively. Then, we have two 
ingles OAA' and OBB'. The planes being isocline, 
^OA'rr: / BOB' and / AA'0= Z.BB'0=a right angle. 

The triangles are similar, and consequently OA:OA' = 
hOB' and /AOB=/A / OB'. /. The triangles AOB 
1 A 'OB' are similar. Hence, any triangle is similar to 
projection on an isocline plane. 



Now if we take a point in the plane of the polygon and 
i it to the vertices, the polygon is divided into a 
nber of triangles which are similar to their projections 


* Cf,~ Manning — loc. cit. §. 109, 



56 


ANALYTICAL GEOMETRY 


on the isocline plane. Hence, the two polygons are 
similar. Further, if A be the area of the plygon and 6 be 
the isoclinic angle, then the area of the polygon of projec- 
tion is Acos 2 0; and in general if 0 and & be the minimum 
angles between two planes, the area of the projection of 
polygon = A cos 0. cos q'. 

Corollary : — Taking a polygon inscribed in a circle, 
if we increase the number of sides indefinitely, the circle 
may be regarded as the limiting form of the polygon and 
we obtain the theorem : — Vie projection of a circle upon an 
isocline plane is also a circle . 

35. The converse theorem is also true i.e. 9 if a plane 
polygon is similar to its projection upon another plane, 
the two planes are isocline, and when the length of a side 
is equal to its projection, the two planes are parallel. 

When the two planes are parallel, the two polygons 
may be regarded as the projections of one and the same 
polygon, for the planes projecting a figure upon one of two 
parallel planes project the same figure upon the other and 
the two projections are equal. We may suppose then that 
the plane of projection passes through a vertex of the 
given polygon. Now, consider the two common perpendi- 
cular planes of the two given planes. They intersect 
the planes in two pairs of lines, the angles between 
which measure the minimum angles. From the figure of 
the preceding article, we have the two triangles AOB and 
A'OB' similar. 

AO : OA' = OB : OB' and Z 1 OA'A and 
OB'B* are right angles. .% A* AO A' and BOB' are 
similar and consequently Z AOA' = Z BOB'. Thus the 
two planes are isocline, which also follows from the fact 
that if the projecting planes through the origin (one of 
the vertices of the original polygon) intersect the planes 
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forming similar triangles. Hence the two planes 
isocline.* 

36 . Two conjugate series of isocline planes determin 
a pair of absolutely perpendicular planes to which th< 
planes of the two series are isocline in opposite senses, al 
inclined at an angle of 45° with them. 

Let us take two conjugate series of planes of the type 
a {l, m) and ft ( l , l'). Then there are two (mutually 
absolutely perpendicular) planes which are orthogonal to 
both a and /3 . Ooe o£ these planes (q> q f ) passes through 
the line l, i.e. the common line of a and ft, and the other 
is I'm. 



[Here we follow the language of the Point- Geometry 
on the surface of a Hyper-sphere, so that lines are 
represented by points and planes by lines, it being under- 
stood that all the lines and planes pass through the origin 
and we omit the mention of O.] 

A 

Bisect the angle V« at p. On qq measure angle 
45°. Then p and q determine the required plane, 

and if we make l£= U°, then the plane (>//') is the other 
plane perpendicular to (p, q)- 

* Manning — loc, oit. Cor, §. 69. 
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Choose Z, m , l\ m\ for the co-ordinate axes. The direc- 
tion-cosines of p are 


Pi- 


li+nii 

2 


i.e. 


(°* V2 ' V2 ,0 ) 


Those of q are q , with 


and 

%l\q,=0 

t,e. y 

q a = 0 , and 

Also 

2 ?.* = 1 

i.e., 

*+?.* = 1 ••• 


the condition 

2 w * 5 ,* = 0 i.e 


1 

q '=vi 

q»—Q. 



i.e., the direetion-cosines of q are 



, 0 , 0 , 


_1 

Vi 


)• 


The angle 9 between the planes (Z, m) and (p y q ) is given by 

6 X * ~COS 8 Z^.COS 8 ^ a = [Zw/^] fc =£. 


•\ e 1= :cos 0 X . cos 0 g =j. 

Similarly, e 8 =sin 0 X . sin 0 S =£. 

e x +e a =1, and the planes are isocline* 0 1 =# a =fl=45°. 

This is also geometrically evident, for (Z', m) and (q, q ') 

A A 

are both perpendicular to (Z, -m), and pw=Zg=45°. 

Similarly, (p, 5 ) is isocline to (Z, Z') at an angle of 45°. 

It remains to be proved that any plane of the two 
systems is isocline to (p, q) at an angle of 45°. 

Take any line a in (Z, m) such that and (ms)s:s § , 

so that *+«**=!• Take any other line £ in the plane 
A A 

(l\ m'), so that Vt—ls, such that Z s ==*-$! and 

Thus the lines are (a iy $ 9 > 0, 0) and (0, 0,— a*, s % ). 


Of. Oor. 3, §. 24. Part I. 
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Now the angle between (s, t) and ( p , q) is determined 
as follows : — 

$x s t 0 0 

0 0 — s x s t 


* # =sin 6 X . sin 0 f = 

0 

1 

V2 

•/i 0 



1 

V2 

0 

» i 


=**• A •(**• 

J 

V2 

)- 

>-i(- 

V2 ) 







Also, e 1 =cos 0 t . cos 0 9 ~[st/pq] 



Therefore the plane (s> t) is isocline # to (/?, q) inclined 
at an angle 45°. 


• §. 24, Cor. Part I. 
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Similarly, any plane of the co^ugate series is inclined 
t o(p, q) at a constant angle of 45°. 

37 . When two rotations around two absolutely 
perpendicular planes a and a are equal, all the planes 
isocline in the sense corresponding to the rotation rotate 
on themselves, the series conjugate to any series of these 
planes moving as a series on itself. Every line rotates in a 
plane isocline to and any one of these planes and 

its absolutely perpendicular plane can be regarded as 
the axis-planes. This is called an “ isocline rotation ” 
and the common angle of rotation is called the “ angle 
of rotation.” 

We may then enunciate the following theorem 

In an isocline rotation every plane, not rotating on 
itself, remains isocline to itself in the sense opposite to the 
rotation. 

Let ft be any plane which does not rotate on itself 
and let ft' be its new position. Let l and m, two lines 
in ft, be rotated to the positions V and m! in . But 

each of l and m rotate in an isocline plane, and therefore 

A 

the planes ( l , V) and (m, m') are isocline, and also IV ~ 
A 

mm'. Thus, we have two isocline plant s (l, l') and ( m, m') 

A , A , 

in which the lines have been taken, such that 
Therefore, the planes ( l , m) and (< V , m) are isocline in a 
sense opposite to that in which ( l , V) and (///, m') are 
isocline, * i.e. y the planes & are isocline in the sense 
opposite to the rotation. 


# Of. Manning — loc. cit. §. 111. 



CHAPTER III. 


Complexes* in ^-dimensions. 

38 . In my Thesis on the Geometry of Hyper-Spaces 
(Vol. I) I had occasion to notice that a space of /-dimen- 
sions in a higher space of ^-dimensions can generally be 
defined by r linear equations between n variables. In 
the present chapter we shall study the geometrical signi- 
ficance of r equations connecting the n variables, in which 
the equations are not necessarily all linear, but one or more 
of them can be of any degree i. 

Definition : A Complex is defined to be the aggregate 
of the system of values of the variables or the aggregate 
of points which satisfy a number of given conditions. 

The order of a Complex is the number of conditions 
which it satisfies. Thus a Complex of order i is one which 
satisfies ‘ i 1 conditions. 

If there are two Complexes of orders i and i', their 
intersection is a Complex of order i -f i', which is defined by 
the equations defining the two given Complexes. If i 4- i = n, 
the intersection reduces to a finite number of points. 

The degree of a Complex of the first order is the degree of 
the equation which defines the Complex. 

The degree of a Complex of order i is the number of its 
intersections with a space of i dimensions which is defined 
*>y n — i linear equations, i.e, with a Complex of the first 
degree and of order n—i. 


# Bertini names it ** Varieta.’ 



62 ANALYTICAL GEOMETRY 

If t=zn } the degree of the Complex of order n is the 
number of points which define the Complex. 

39. A Complex is said to be u reducible ” when its points 
can be divided into two or more groups defining other 
Complexes, otherwise the Complex is said to be 
“ irreducible ” 

A Complex of order i and degree r is denoted by V, r , 
which reduces to a group of r points when i=0. 

When any space of i dimensions has in common 
with a Y/, (r+ 1) points, it has an infinite number. 

We have the following general theorem : — “ Any space 
S* of n— k dimensions {k>n— i) intersects aV/ina 
V r *+i-.*» Any S* which has in common with V, r any 
W+i-n and a point, intersects V t r in a Complex of 
dimensions 1 0 r in more Complexes of at least 

one dimension less.” 

A Complex of order i can be represented by 
fk * .iTnJ — O, &=1, &, 8 

40. The complete intersection of two Complexes can 
be composed of several distinct Complexes of lower 
orders. In this case a Complex of order i cannot be re- 
presented by only r equations between the n variables, but 
if there is a Complex which is the complete intersection of 
i Complexes of first order, it is evident that the degree, of 
this Complex is equal to the product of the degrees of those 
Complexes. 

Let U i r and r be two Complexes of order 1 and degree 
r, i.e, } let U x r and V x r be two polynoms of degree r in % 
variables. Then U/ — Y x r =0 represents a Complex of 
order 1 and degree r, which is the intersection of V t r and 
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V, f . If now V x r contains a linear factor h\ (say), it 
becomes of the form L' 1 *P 1 r “' 1 — V 1 r =0 (1), where P 1 r ~ l 
is of degree 1. But a point on a V* r is a multiple point 
of order s, if any space of i dimensions drawn through 
the point intersects it in s coincident points there, «.<?., if 
the equation for determining the intersections of and 

V/ has s equal roots. Now if the point at infinity on the 
a\th axis is a multiple point of order r— 1 on the Complex 
i.e. if OvT* meets the Complex in (r — 1) coincident points at 
infinity, the equation (1) takes the form — 

x n *Ui r ~ 1 — V\ r = 0, or .r n U — Y = 0, where U and V are 
polynoms of degrees r— 1 and r ^respectively and are 
independent of x n . In this case all lines parallel to the 
axis Ox n meets the Complex in only one finite point and it 
is called a Monoid.* 


41. Consider a Complex of the first order in n variables — 


**») — 0 . 


Let x' 19 x\j x' 3 .. .#'» be the co-ordinates of any point 
P. Through this point we can draw (n ~~ £) Complexes of 
the first order and first degree, i.e. we can draw a plane 
passing through this point and parallel to the plane of 
(x xi ) : 


•^3 8 ’"“'^■8 ( ,<7 1 1 ) " 1 “ 1^3 (^2 ,fc 2 ) 

* 4 — A 4 ( x i “ *■ \ ) + B 4 ( x s — a ; 1 ' 8 ) 

Ml •• • Mt 


( 1 ) 


X n A n (x x iv x ) — - us 9 ) J 


*;This is an extension of the term “monoid ” used by M. Cayley — 
Comptes rendus Vols. LTV and LVIII.— CaHey says that if a surface 
contain a multiple point of order less by one than its degree, the lines 
drawn through this poiut intersect the surfaces only in one point and 
the surface is called a Monoid . 
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If we substitute the values of x B , from this 

equation in f(x »*)=(), we obtain a relation of the form 
F($ xi Xi)=0 ; but when a? 2 = ;e' s , the equations (1) 

give ,r 3 =aj' 3 , ^ 4 =,t / 4i ,...,i? 1l =,t;' n . Therefore F(*\,a/ a ) is the 
value of . ..«*) when a?' ir ?/ a ...a?'* are put for aj lf a? g . 

respectively, a.e., 

« ss /(»' 1 y t * , . . « ). 

Thus the above plane intersects the Complex in the 
plane curve F(^ 1 ,* 2 ) = 0. 

Let us take another Complex <t>{x l ,x 2 ,...$ n )~ 0. Suppose 
that the intersection "of / and cfj is composed of several 
distinct Complexes of second order. Let a plane intersect 
these two Complexes. Then we can determine as above in 
any of them a plane curve. The intersection of these 
two plane curves F(a? 1 ,a? JS ) = 0 and F 1 (ir 1 ,r 9 ) = 0 is the 
intersection of these Complexes /=0 and <f >= 0 with the 
plane, i.e. with the — 2) Complexes of the first degree. 
If the Complexes/ and </> are reducible, their intersections 
are also reducible into several groups defined by different 
equations. Let p be the number of points defining one of 
these groups (supposed irreducible). The number of points 
which coincide at any one of these points is equal to the sum 
of the orders of F(ff u ;r a )=0, the point (aq,# a ) being placed 
successively on the different branches of =0, very close to 
the point.* 

Now since F (r lv r a ) is nothing but /(^ u %,... r u ), 
we easily obtain the theorem : — 

If the intersection of two Complexes of the first order/ 
and </» consists of distinct Complexes of second order, the 


* Vide Bull, de la Soo. Math, de France. Vol- 2. ThenrAm Tr « 
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point (*p ! ,«r j ...#*) may be placed successively on the different 
branches of at a very small distance from any of the 
points, such that tbe sum of the orders of the quantities 
/(# i,^ •••#*)> multiplied by the degree of the Complex of 
the second order, is equal to the number of intersections of 
/ and <£. 

42. If a Complex V ; r of order i and degree r is 
irreducible, the r points in which any space S*_i of i 
dimensions intersects it are all distinct. Suppose the r points 
in which any space intersects V, r are divided into 
two groups : — one containing a points each counted twice 
and another of fi points ( 2a 4- /?=r, a>0,/?>0). It follows 
therefore that the equation of the nth degree which deter- 
mines the r points has a double roots and fi simple roots. 
These roots may separately be obtained by two different 
equations containing the co-efficients of the given equations. 
It follows then that V t r consists of two parts defined by the 
equations of V, r and the two equations giving the roots, 
which cannot be. Thus the points must all be distinct. 

We conclude therefore that every irreducible Complex 
Vi r is intersected by any space S„_ i+1 in an irreducible 
V/. If not, suppose that the section of V r i by S„«< +1 

r i r a r t 

consists of more curves V t , V t , • . . Vj , 

(r 1 +r 9 + ... + r t 

By varying the S n _ i + 1 in a fixed space it 

will intersect V » r in r distinct points, of which r x will be 
r x r a r t 

on Vj , r fl on V t , ...r t on V t . These t curves will 
describe t distinct Complexes. The Complex V r < is then 
composed of these t Complexes (represented by the equa- 
tions defining the t curves). 
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From this we deduce the more general theorem 
Every irreducible Complex W is interacted by an 
(£>0) in an irreducible 

43.t Let us now consider the representation of a Complex 
of any order higher than one. For the points at infinity in 
a Complex of order i , the ratios of the Coordinates 
to one of them are connected by i relations. The ratios 


*jl ../**• — may be regarded as (% — 1) new co-ordinates 

*r w 

t t a nd therefore the i relations define a Complex 

v \ /» 2 ' ^ n *— X 

of order * in (« — 1) dimensions. Now, one or more of the 
new co-ordinates can be zero or infinite, but this particular 
ease can easily be considered by a simple linear transfor- 
mation. 


Let A = 0 and B = 0 be two Complexes of the first order. 
Eliminating <r„ between these two equations we obtain ah 
equation of the form A = 0, where A does not Contain /•». 
The Complex of the second order A = 0, 13 = 0 is reducible 
or not, according as A does or does not contain factors. 
Let/iO^s,... be an irreducible factor of A- Then 
the equations /,(*»,*„ ...» ,_ 1 ) = 0, and w„-« = 0...(l) 
define an irreducible Complex of second order. It is evident 
that each system of values of satisfying 

/,=0 gives only one value of from the second equation. 
Thus we cannot say that the Complex is the complete 
intersection of the two Complexes (1), but its intersection 
consists of the two Complexes f x =0 and » = 0. 

Suppose that the Complex is irreducible and. I hat for 
infinite values of the co-ordinates of its points, the ratios 


* Cf. Berfcini — Introduzioni alia Geometria etc. Cap 9°. n. 4. 
t The monoidal representation of Complex was given by Bertini in 
1907 -See loc. cifc. Chap. 9. §. 28. 

This method of representation was also given iby M. Halphen in 
1876 in the Bull, de la Soc. Math, de France, Vol. II. 
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‘ , i 3 i are neither of them zero or infinite. Let the 

,JC 1 M 1 d 'l ^ 

sum of higher degree terms in /, be /3, so that by equating 

/« to zero weobtain a relation between the ratios . 

Thus /, =/ a +/ s , where / s is of degree less than/,. If 
the higher degree terms in v contain the factor / 9 , we have 
?;s=P*/ # -f v x , v x being of degree less than v. Thus 
for representing the Complex we may replace v by 
v— 1/,=^, — P/ s . If v l — Vf\ still contains the factor / a 
in its higher degree terms, we may apply the same trans- 
formation to the new expression, and repeat the same process 
until we obtain an expression which does not contain / a in 
its higher degree terms. Similarly, n may be transformed. 
Thus u and v may be supposed not to contain the factor / % 
in their higher degree terms. Therefore, for infinite values 
of the co-ordinates x x ,r %} . . .^»-i which make / a =0, u and v 
are infinite of an order denoted by their degrees. Conse- 
quently x n must be of the same order as the other coordi- 
nates. 

Next, it is evident that x n cannot be infinite for the 
values of the other co-ordinates which make v = 0 and / a =0, 
because the Complex of the points at infinity is irreducible. 

Therefore the ratio — is finite, which shows that n passes 
v 

through the intersection of *> = 0 and f 2 = 0 and u is small 
of the same order as v, while x li x %r ..r n _ , is very near to 
the intersection on a branch of /,. Therefore, from what 
has been said before, it follows that the intersection of 
v and f x which lies on % counts as so many intersections of 
n and v as of v and of/,. Thus, if n is the degree of /,, 
the intersection counts as (p — [)n } where p — 1 is the 
degree of v and p that of n* The remaining intersection 
of u and/, is pm— (p— l)n=n> 
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Now we apply the transformation' 


x' 


1 



X 


t 

% 





x x 


In the new Complex, the part at infinity is irreducible 
The Complex is consequently represented by the equations 
v'x'n — « f = 0, f x ~ 0, where u' and v' are respectively of 
degrees p and jo — 1. In this case, as also referred to the old 
system, the Complex is represented by t?a? n —w=0 and 
f x = 0, where n and v are of the same degrees as n 9 and v 9 * 
Therefore, as before, the intersection of u and f x is the same 
as that of v and f xt and the intersection consists of (jt?— l)n 
units and a Complex of degree n. The same conclusion 
holds for reducible Complexes. 

Now, since u passes through all the intersections of v 
and f x and this intersection counts as as much units 
in the degree of w = (),/, —0 as in that of t? = 0, f l =0, it 
follows that if no part of this intersection is contained in 
/n u is of the form lv + mf x1 where l is of the first degree. 
The monoid cot,— « t=0 is of the form r w = £. Therefore 
the Complex of the second order is traced on a Complex of 
first order and first degree. 

In a similar way, we can easily show that all Complexes 
of the ^’th order are represented by an equation ^—0 
between coordinates and *— 1 

monoids - , a?*- i+8 =-, , satisfying the same 

v v 

conditions as above. We may reduce the equations of 
these monoids to the same denominator v ; thus 


m — u »-i + a r . — ^ - 1 + s 

w »*-i + a i « * — » + 3~“ , 

V v 



Each of these Complexes is of a degree 

higher by one than that of v, and passes through the 
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intersections of v and \j/. The degree of such a Complex 
is precisely that of if/. 

44 . The degree of the intersection of two Complexes, of 
which one is of the first order, is equal to the product of 
the degrees of these Complexes. 

Let us consider a Complex of order e and degree r given 
by the equations : — 


a — n — u% - *+* 


Let A be a Complex of the first order given by — 

ba 2 x 2 + ...... ’-fa*a> B =:0 ... (2) 

Substituting the values of ... x n in (2). we obtain 

^r=(a+o 1 * l + ...+a.-< +l ®,-< +l )v+a,.i +t tt,. i+t + ... 

4 *a n ^ n =0. ... (3) 

It follows therefore that if the degree of the Complex C 
is r, that of ^ is Ar, where k is the degree of w. 

If we put ^ = 0, then an-i+ % u «-i+% 4- ... 

Therefore v~0, c£ = 0 gives a Complex which counts for 
{k— l)mr of the intersections of ^=0, <£ = 0. The remain- 
ing intersection is of degree mr (where m is the degree of 
<£) and it is the degree of the intersection of the two Com- 
plexes r and A. 

Cor : — When we consider a three-dimensional space, the 
above theorem expresses the fact that the number of inter- 
sections of a curve and a surface is equal to the product of 
the degrees of this curve and the surface.* 


Salmon — Geometry of three dimensions, Oh, XII, §. 381. 
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45. The above theorem can be generalised as follows:— 

The degree of the intersection of two Complexes, of 
which the sum of the orders does not exceed the number of 
dimensions, is equal to the product of degrees of these 
Complexes. 

Let V . and W ,, be two Complexes of orders i and i' 

i i 

and degrees r and / respectively, defined by equations 
analogous to those given in the preceding article. 

Let us transform the equation V t r to a space of 
n + i— 1 dimensions. Thus we obtain the equations of a 
Complex Ci r in n + i— 1 dimensions in the form 




Similarly W., is transformed to a space of n + i — 1 

i 


dimensions and the Complex C'., is given by 

i 






The degrees of \f/, \f/ f , u 1 , . . .u ' x , . . are determined as before, 
r r' 

Thus the two Complexes C t , C may be considered as 

% % 

both belonging to the same space of «• + » + »'—£ dimensions, 
the variables being denoted by (say) ,c l9 ,« 9 , $ 19 £ f , 




Now we can easily obtain the intersection of these two 
Complexes by eliminating one of the old co-ordinates ... 
(say **)between the equations <A=0 and ^'=0. whiAh 
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gives an equation <£=0 of degree rr in (^ 1 ,^ a ,...d? w _ 1 ), and 
then deducing from the equations an equation of the form 
vtr % —u — 0. Then <£=0, vx n — w = 0, together with the 
equations for ^,^,...^ 1 , obtained from the scheme of 
transformation, will give the required intersection. These 

also give us a Complex ( G™ ^ of order i 4 - 1 in 

\ ^ + ^ / 

n + i + 1 — 2- dimensions of degree rr\ 

The intersection of this Complex ^ C .^ ^ with the 

space or Complex £ x = 0, £ a = 0, . £ * _ l = 0, £ x ' = 0,£ a x ' = 0, . . . 
£'*-!=(), is also a Complex of the same order rr\ This is 

T T 

really the intersection of the two given Complexes V . , W 

1 1 

which proves the theorem. 

46. We shall next try to give a geometric interpreta- 
tion to the equations defining a Complex of order i and 
degree r in n dimensions. In the first place let us consider a 
Complex in a three-dimensional space. In the above 
monoidal representation, a curve in space can be represent- 
ed by — 

/(*,2/)=0, 

where tf> 1 and <£„ are polynoms of orders j?— 1 and p 
respectively, and f is the equation of a cone (cylinder) of 
order m. The two surfaces f and intersect in m(p — 1) 
lines, since $!= 0 is tangent to the monoid at the multiple 
point of order p— 1. 

If we draw k chords of the gauche curve through any 
point of space, they are double lines of the cone /*~0, and 
are counted twice among the lines m(p-~l). Dendting 
by k' the remaining lines we have 

m{p— l)==2A;-f- k f . 
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Also the k+k' lines are simple Hues of the monoid passing 
through the multiple point, whence we must have* 

p(p—l)2Lk+i' 

Eliminating k f we obtain— 

But certainly p is greater than unity. 

Therefore the inferior limit to the order p of the monoid is 



Thus we may regard a curve in space as a curve traced 
on the surface of a cylinder. 

If now we Consider a Complex of order ra — 1 in n 
dimensions, which is represented by 


/(* i* ^ 2 ) — ir 3 — 


tv n 

v 


we see that each group of the equations 


/(*!,«.)= 0, x f =~ [»=1, 2, 8, 4,. 

V 

represents a curve in space. We can therefore say that a 
Complex of order I is represented by (»— 2) gauche 
curves traced upon the same cylinder. 


* Vide — Bertini — loo. cit. Cap. 8°, n, 15. 



COMPLEXES IN DIMENSIONS 


78 


47. We shall now conclude this chapter by stating a 
most important theorem* in the theory of Complexes in 
M-space 

“A Complex V* r of order r and h dimensions and a 

r' * . , 

Complex V of order / and (n — k) dimensions, which 

U—K 

have not infinite number of common points, intersect in rr' 
points. 

The theorem is easily verified in the case when the 
Complex V i r (for example) is composed of r spaces S*. 

r r'. 

It follows that two Complexes and V^, , if 

TV* 

k + k' >n, intersect in a Complex ^ , if they have 

not in common a Complex of dimension greater than 
k -f- k f — n* 

In fact, any space S^n—k—k' in ^" s P ace interse cts a 

r / r> 

Complex V (for example) in a Complex which has, 

by the preceding theorem, rr common points (not infinite) 
r 

with the Complex V , as otherwise varying the space 

ft 

s x ,/ we obtain a Complex common between 

%n~h—k 

Y r and V r , , of dimensions 

k & 


# Halphen has given a demonstration of this theorem in the 
monoidal representation of Complexes (Bull, de la Soo. Math, de France, 
Vol. 2, 1874, p. 34). But it was more rigorously and more simply proved 
by Noetber (Math. Ann. Vol, 11, 1877, p. 570). Another proof was 
given by Fieri (Giornale di Matematiche, Vol. 26(1), 1888). 
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When , V have a common Complex of dimen- 
sions >k + k f — the two Complexes may have another 
common Complex, but the dimension of any of these is 
always ;> k -f lc' — n. 

48.. Geometrical Continuum : Each group of values 
of the variables satisfying the equations of a Complex is a 
solution. If the number of equations be exactly equal to 
the number of variables the solution is determinate, but if 
less, the aggregate of values is defined to be a “Continuum.” 
If there are i variables, then i represents the dimension of 
the continuum ; when all the equations of a Complex are 
linear, the continuum is linear. The continuum defined by 
one equation between n variables is called an (n— 1) 
continuum, as we have already seen. 

The aggregate of values of the variables even if they 
are not connected by any equation is called a “ region , 1 ” 
more precisely ^-region. If the variables are independent, 
but the boundary defined by the rc-tuple Integral 

^ in which none of the variables are infinite, 

then the aggregate of values over which the integral 
extends is called a closed region and the integral represents 
its content or mass . 

If are the variables, dx l} dx 2y . . their differen- 

tials, supposing all independent, 

then 5= I dx x * -f dx % -f ... represents the length of 

the distance A to B, where A and B are the limits 
of the integral. The calculus of variation shows that this 
distance is a minimum if the variable functions are of the 
first degree. 
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49. Application of the orthogonal transformation ; 

We have already discussed the properties of an orthogonal 
transformation. Let x ly x 2) ... be the original variables and 
the new variables. 

Let =a 1 ^ 1 -f ... 

+ •*' *•* (i) 

etc. etc. ^ 

Then, r 3 = / x a + x t * 4 ^ 3 a 4 ... = ( 04 * 4 —)L * 4 etc. 

+ 2(a 1 a a + 4* — )Ma + —etc. 

where r= distance of the point from the common origin. 
If r a =^ a + t u 2 -f ...etc., then the constants of transforma- 
tion must satisfy the conditions, as we have already seen, 

a i*4jS 1 8 4 ... =1, etc. 

a i a 2 4yS 1 y8 9 4 ... ©tc. 

If A= <4 a 9 a 3 ... 

Pi Pn P s ••• 

then, A s = Sa/ S a i a 9 5<4 a 3 — 

2><4 a i § a 2 3 2 a a a 3 — 

<E<4<4 — 

Thus, by the above conditions, A*=l and consequently 
either A = —1 or A ^ 4 1* 

If A =— L the new variables are simnlv the old ones with a 
negative sign. A = 4 1. 
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If now a 1 ,6 1 ,c 1J ... are the complements of a 1? y x ... 
a,=|A, 4,=§£, C=|£,etc.' 


then 


A t l =a 1 x 1 0^3 + ...etc. 


But if we multiply the transformation formulae respectively 
by «!»/*!, 7i,... and add, then by condition (1 , 

Thus, if A = l, a 1 =a 1 , b 1 =zfi li etc. i.e. the complements are 
equal to the corresponding elements themselves. 


Hence a 1 a l 4- a t a t + ... = A, etc. 

a i/^i + « 1 ^ a 4-...=0, etc. 

Therefore, etc. 

ct i^i+a 9 /? 9 + ...=0 / etc. 

Hence we see that we can transform the original variables 
to new ones and vice versa and the processes are similar. 

50.* The content of the cylinder : The mass V of 
an open region is represented by the M-tuple integral 

f n fn - 1 

1 dx x dx t .... If now the n— 1 tuple integral 1 dx t dx s ... 

has a constant value A independent of and if the limits 
are constant with respect to ,r,, and their difference 
is a, then V =aA. 

The first condition among others is satisfied, if the 
boundary equation be given in the form 

<Kx,-p, x t -q,...)=0, 

where p, q,... are functions of a single variable r x . 


* 0 f. L. Sohlaffli— Theorie der vielfachon Kontiniiitftt, edited by 
J. H. Graf, Bern, 1901— §. 5, p. 11. 
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There are now two boundary equations of the form 
,v x = constant, and the integral V extends over all values 
of s 1 which lie between those two constants. If however 
p, q 3 ... are linear functions of then the boundary defined 
by <£ = 0 is generated by the motion of a line which remains 
always parallel to those determined by x 2 ~p } x 3 = £,... The 
closed region V is then the cylinder of ordinary Geometry, 
where A is the base $nd a is the corresponding height. We 
may therefore state the theorem in the following form : — 

The content of cylinder is equal to the product of its base 
and height . 

51. The Paralleloschem :* If the boundary of the 
(» — l)-tuple Integral A (the base) in the preceding article 
is again similarly determined, and so on, we have Y = abc... 
Then x x lies between the two constants whose difference is 
a, x 9 lies between two linear functions of x x whose 
difference is b 3 <t 3 between two linear functions of x 13 x 23 
whose difference is c 3 and so on. The region is thus enclosed 
between n pairs of parallel linear continuum, and we call 
it the “ Paralleloschem ” We always assume that the 
n original equations are all satisfied by the zero values of 
the variables. The (»— 1) of these original linear equations 
taken together will determine a straight line, bounded by 
the remaining pair of parallel linear continuum and this 
line is called an “edge” of the paralleloschem. There are 
in all edges ; but 2 n_1 of them are parallel and of 

equal length. Thus they fall into n groups, of which 
only n pass through the origin. The first is ^=0, the 
second is the third is a % x x + + y 8 # 8 =0, 

and so on. If we take the first, no variable vanishes; if 
the second, x x =0; if the third, x x =0, x 2 =0; if the fourth, 
z x = ,r a =0; and so on. For the first edge, no projection 


The name is used by Schlafli. 



78 


analytical geometry 


vanishes, and its first projection is a , for the second edge 
the first projection is zero and the second is b ; and so on. 

52. The content or mass of the Paralleloschem : 

The mass or content of a “ Paralleloschem ” is equal 
to the determinant of the orthogonal projections of its edges. 
Let the projections of the edge of a paralleloschem in any 
rectangular system be a 1 ,6 l) c 1) ... ; a %0 6 a ,c a9 . t , a 39 6 9 ,c $) .. 
We now transform this to a new system to which the 
parajleloschem has the above relation. If now we consider 
the edges as the new variables X, Y.... in any of the 
above-named order, then the projections in the new system 
are : 

A x ,0, 0, 0,... 

A 9 ,B a ,0, 0,... 

A S ,B S , C 3 ,0,... 

etc. 

Let j — ct j X x “4" a , X 2 4* ® 3 X 3 — — ... 

+/? a X 2 +ftXg 4- ... 
etc. etc. 

(2) a a =A 9 a x -f B,a a 

&* = Aj/Jj+B,^, - 

(3) a 8 =A 8 a 1 + B a a a + C 8 a s ^ 

*.= A t j8 1 +B,i8 i + 0 # A * 



Prom the first of these equations we have 

Aj = 4/a x * + & x ■+".«, and a x = ,... 


etc. 

then we have 

(1) a t = A lftl "j 

6.= A.& 



COMPLEXES IN M - DIMENSIONS 79 

Since the second system is also orthogonal, from the second 
we have 

A a =a,a 1 + ... 

and if we substitute the above value of A lf we have 
B 9 = V(a 2 — A, a 1 ) 5, + (5 a — A s £ x )* + ... etc. 


„ — «*~ A u a x 

# Bl 


etc. 


The third equations give — 

A s — H" ^ 3/^1 “t* "•> B 3 =u 3 a t + ... 

and from these we finally obtain 0 3> a 3 ,/? 3 ... and so on. 
Each system of values contained in the paralleloschem is 
represented by the equations — 

* 1 =X l a 1 +A J a J +A s a s + ... 

*P a =A. 1 5 1 "{“^-3^3 “h ••• 

etc. etc. etc. 

where the indeterminate co-efficients are positive and frac- 
tional. If the determinant V = 2> be multiplied 

by itself, then the product is a determinant whose elements 

are 

a i* + &i 8 + c i 9 + ... a x a 2 + 4-CiCa + ... 

+ + + — a 9 * + b 9 *+ c a * + .*. 

etc. etc. 

a 3 a, + 6a6 t + CaC 8 + ...etc. 
etc 
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[f now we denote the edges by k 19 k 9 ,k 99 ,.. and the cosine of 
bhe angle included between two edges as ), then 

a i a “h^i 9 “t" c i a *^* ,,=: ^i S ’ {k 1 fc,) 

and so on. 

Then V*= k x % k x k^{k x fc a ), A; l A: 8 (A: 1 />' 8 )... 

Mi(Mi) *,» 

, , , Ml • • • • * • 

= (*!,&,&, •••)* X 1 (M.) (Ml) - 

(Mi) 1 (Ms) - 

(M.) (M.) ^ 

Hence, the mass or content of the Paralleloschem is the 
product of its edges multiplied by the square root of a 
determinant whose general terms are the cosines of the 
angles included between the edges in pairs. 

This method we have already discussed in Geometry of 
Hyper-spaces Part I. 

If V=0, then the edges all satisfy the same linear 
equation and they lie in one and the same plane, and the 
above determinant also vanishes. 

If « = 4, we obtain the same result as before in Chapter 
II. i.e. 


1 

cos a x 

cosfcj 

cosc t 

cosaj 

1 

cos c s 

cos6 a 

cos b x 

COSCj 

1 

cos a % 

cosc x 

cos6 9 

cosa 8 

1 


_l_«5cos*a l + 25 cosa j ,cos 6 ,cosc il + 5cos s a l cos’a, 
—2§ co s a , cosa , cost t cost , . 
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This is the case with a tetrahedron. 

53. Mass or Content of the Pyramids 

r n 

If the Integral P=A 7 dt y dt % dt^... is bounded by the 
conditions t l >0, t, >0, etc. 

tL + t* i!t + <1 

k. fc, fc, ’ 

we call such an Integral P of n+1 linear continuum a 
Pyramide. 

If we now put t x =k 1 u l , t t =k t u„ t 3 =k s u a ... 


then 


r n 

P — ^ • h j . , . x J du ! du 2 du ^ . . . 


with the conditions u x >0, w 2 >0, t* 8 >0,...etc. 

u x +u % -f w 3 4* ... <1. 

Since the integral contains no constant, it can be represented 
by f{n), 

/ n — 1 

du % du s dttt.,.[u' l >0 i ui>0 ) >, t ,u % +ut + ...<!—«] 

let us put u t =(l— Wj)y lt u 5 =(1— i4 1 )v s ,...eto. then 

/ « — 1 -n—1 

du i du s ,,.=(l~ u 1 ;*~ l I dv^dv^dv^,,. 

K>0, e a >0, ... v t +* i +v* + ..»<l] 
= (1 u \) m ~ l f( n 1). 
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for > /(1)= Jdw l [u l >0, u 1 <l] = l 

. p_A - fc 1 A J /c s ..- _ V 
1-2-3 ...n 1-2-3. 

The content of the pyramide is equal to the content 
of the parallelosehem which has n edges common, divided 
by n !. 



CHAPTER IV. 


Hyper-Surfaces. 

54. We shall now introduce the idea of Homogeneous 
Coordinates in the Geometry of Hyper-spaces. As in the 
case of plane and solid Geometries, the introduction of 
Homogeneous co-ordinates in the geometry of hyper-spaces 
greatly simplifies the study of projective properties of 
curves and hyper-surfaces. Prof. E. Bertini* of the 
University of Pisa has written a Treatise on the u Introduc- 
tion to the projective Geometry of Hyper-spaces/' in which 
he dwells at some length on the projective properties of 
curves and surfaces. 

In studying properties of Hyper-surfaces we shall make 
use of homogeneous coordinates, but at the outset we shall 
show that some geometrical interpretations can be given to 
this special system of co-ordinates. 

55. We have so far defined the position of a point with 
reference to n mutually orthogonal axes, called " the axes 
of Coordinates.” The position of a point may also be 
defined with reference to a “ Simplicissima/ , determined by 
(»+ 1) given independent} points in the general w-space. 
The (n + 1) vertices will be called the “ fundamental points,” 
The (n+ 1) co-ordinates of a point will be defined as the 
ratios of the w-dimensional contents of the joins,} which 
have the given point and any n of the (n- f-1) fundamental 

• Pisa, December, 1906. 

t Vide — Geometry of Hyper-spaces, Part I, §. 7, published by the 
University of Calcutta, 1917. 

X Ball, of the Cal. Math. Soc., 1909, Vol. 3. “ on Parametric 
Cp-efticiente, etc. 
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points as vertices, to the content of the fundamental 
Simplici&sima. 

Let us denote the fundamental points by A,, A,, A,,. ..A,. 
Let n r denote the (w — 1) dimensional content of the join 
of n of the fundamental points with the exception of A r . 
Thus we obtain u 09 u X9 ,,,n n similar (?< — l)-dimensional 
contents. 

Let P be any given point in the w-space. Let 
^ r o>V 1 ,Y s ,,..Y n denote the w-dimensional contents havinsr 

_ O 

P as vertex and n 09 u 19 u %ft ,.n n as bases respectively. 

Then, V 0 /A ,V x / n j where A denotes the 
content of the fundamental Simplicissima, are defined to be 
the (w- f- 1) co-ordinates of the point P, corresponding to the 
Areal or Four- plane co-ordinates in ordinary two or three 
dimensional geometries respectively. These (w-f-1) co- 
ordinates will be denoted by the lefctess ;c 0 i »J lv e f 

From the above definition it easily follows that these 
0*+l) coordinates are connected by a linear relation 

®D+*»+*,+n.+* | al ... (1) 

It is to be noticed that this relation must always hold, 
wherever the point is taken in the space. In the case 
when the point Plies within the join of the fundamental 
points, it is easily verified, having regard to the fact that 
the sum of V 0 ,V 1 ,V a ,...V H is equal to A. When the 
given point lies outside the join, regard must be had to the 
signs of the contents Y 0I V 1 ,Y 1 ,...V, J for a point inside 
the join, the signs are all positive j for a point outside, 
the sign is to be determined by the fact that it is regarded 
positive if the single perpendicular drawn from the given 
point on any of the bases is in the same direction as the 
perpendicular drawn from the corresponding fundamental 
point, and negative in the opposite case. 
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Further, it should be noticed that none of the co-ordi- 
nates of a point in this system can be infinite, and all of 
them cannot be simultaneously zero. The point whose 
coordinates are proportional to 1,1, l,...l, is called the 
“ unit- point ” and is denoted by U. 

In virtue of the relation (I) all equations in this system 
can be made homogeneous. 


56. Formulae of transformation from the Cartesian 
to Contental system : — 

If ‘ c < * O’ = 0,l,2,...n ; **=1,2,3, ...n) be the Cartesian 
co-ordinates of the fundamental points and x 9 ,....r n the 
Cartesian co-ordinates of P referred to any system of axes, 
orthogonal or oblique, and if X 0 ,X 1 ,X a , ...X n be the contental 
co-ordinates of P referred to the fundamental Simplicissima, 
then 

(0) 0) (2) (r) 

3,=^ X 0 Xj+,1-,. X 8 4* ... 4* <',• X r ... + x ni X n .. (I) 


For, 


(* = 1,2, 3, ...n). 

x - (n!V qV 

° A* ~(n! A;* 


• T 1 


r. 

. e % 


(1) 

(1) 

(1) 


‘ t: 1 



.. 


(") 

00 

(n) 


J, 1 



.. ,r n 


+ 2 


(0) 

(0) 

(0) » 



1 





i (1) 

0) 

0) 



1 3, 

*• 

iC n 



(n) 

(n) 

(») 



1 X x 

3, 

•P. 


* Viie Proceedings of the London Math. Soc. Yols. XYIfl and XXI, 
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(1) (2) (») (0) (1) (n) 

s[l»» * ... x J*-f-[la5 x ... x ]* 

r (1) (n) (0) (1) (n) 

.\X 0 ,=[l».o ... x J -f* [la; .« ... x ] 

r (0) (1) (2) (n) (1) (2) (n) 

or, [l.o a; a; ... ,e ]X 0 = [1^? x ...a; ]. 

Similarly, 

(0) (1) (2) (n) fO) (2) (n) 

[l,o .o a; ...» ]X l =[lo,o ,e ...» ] 


and generally, 

(0) (1) (n) (0) (t-l)(t + l) («) 

[1» * ...» ]Xi =[l.o.o ...» .o ...» J (II) 

( 1=0,1, ‘2,... w) 

(0) (1) (n) 

Multiply these in order by * l , ajj ,...•» , and add. 

Thus — 

(0) (1) (») (0) (l) (») 

[1» x ... x ](.rj X 0 -\~x 1 X 1 4-...-f*» l X B ) 

(0) (i) ( n ) (i) (0) (1) (i-1) (» + l) (n) 

= » 1 [l»a* ... x + [1» x ... x x ...» J 

( 0 ) ( 1 ) («) 

4* =[1» » ...» ]»! 

(0) (l) («) 

a i 1 =.r 1 Xq-M* X t + ... X,, 


and generally, 


( 0 ) ( 1 ) («) 
iC < = ;r < X 0 4*»< Xj 4- ... -f“», 


($=1,2,3, ... n). 
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Thus we see that all our results obtained in Cartesian 
system can be transformed into this new system by means 
of the above formulae of transformation. We do not 
propose to discuss the details of these transformations at 
present, but we shall only make use of the homogeneous 
nature of this new system of co-ordinates in studying certain 
properties of Hyper-surfaces, analogous to those in ordinary 
Geometry of three dimensions. From the above formulae 
it is easily seen that the co-ordinates of any point in an 
r-space contained in a higher space of ^-dimensions can 
be expressed as a linear function of the co-ordinates of the 
generating points. 

57. Hyper-surfaces : 

A locus is generally defined to be an aggregate of a 
number (in general infinite) of points determined according 
to some specified law. Thus, if # is a point 

^o' ,? o 4 " a i a? i + + 

in the space determined by a 0> a l} (i % ,..ui n) then the equation 
,....r n ) = 0, where is a homogeneous function, 
limits the arbitrary nature of the ratios x 0 : x x : ,c 3 : x t . 
The corresponding values of ,e form a special aggregate of 
points out of all the points in the space. 

A locus is sometimes defined by means of simultaneous 
equations such as cj> 1 = 0,<£ 3 =0,. . . <j>* =0, where the <f> s are 
all homegeneous, and a locus defined by r equations is said 
to be of (it — r) dimensions. (These we have called “ a 
Complex of order r ” in the preceding chapter.) It is to 
be noticed that the functions ,... <£» are not necessarily 
linear. 

We shall call a locus a (( Hyper-surface ” which is of 
one dimension less than the space containing it. Thus 
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in plane Geometry a conic is a curve of one dimension, 
in the geometry of three dimensions a conicoid has a 
surface of two dimensions. Thus, in general, a Hyper-- 
surface in an r-space is of (r -1) dimensions. 

A Hyper-surface defined - by an equation of the rth 
degree will be called a surface-locus or a Hyper-surface of 
the rth order. 


58. Cousider the oo*'' 1 aggregate of the points of an 
w-space, which satisfies a rational, integral and homogene- 
ous equation of the rth order in the current co-ordinates : 

*r o>^i j > »* * « 


/( r 0 ,#i, ( i. 

i , 


... ( 1 ) 


where the sum extends to all combinations of of 

the rth order, repetitions being allowed. 

The aggregate of points defined by the equation (1) 
will be called a Hyper-surface of order r, and will be denoted 

by 

The number of linear and homogeneous co-efficients in (1) 

• (#4-1 — r — 1 r n ( n + r \ 

IB * Cr== C v =( ~~y~ h say 

Hence if we put N(r)r~^ ^—1, all the Hyper- 

surfaces of order r in an w-space form a linear system 
oo N < r >”t 

Thus the equation of a Hyper-surface of order r can be 
made to satisfy N(r) conditions, and no more. 


* Vide— Algebra— Smitn, §. 246. 
t Berfcini. 
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A surface is said to be " degenerate ” or <( non- 
degenerate ” according as the function f breaks up or not 
into the product of two or more factors of lower orders. 

A degenerate Hyper-surface is composed of two or 
more " non-degenerate ” Hyper-surfaces. 

59. The order r of a Hyper-surface has a geometric 
significance. It is the number of points in which a line 
intersects V r n _ 1 . In fact, the equation (1) of § 58 and 
(#— 1) equations of a right line have r solutions common, 
which correspond to the roots of an equation of the fth 
degree in one co-ordinate (.^ say), i.e. of the equation 
obtained by eliminating n of the (ft -f l) co-ordinates between 
the above n equations. If any line has more than r points 
common with the Hyper-surface, it lies wholly on the 
surface, the equation having more than r roots reduces to 
an identity. 

In general, if we have a fc-omal,* to find its intersec- 
tions with a V r n _ 19 we have the equation of the V r n _ 1 and 
the (ft— k) equations of the omal. Thus we obtain alto- 
gether (ft — &*fl) equations. By means of these we can 
eliminate (ft — Jc 4-1) of the (ft 4-1) coordinates and the 
resulting equation involves only h co-ordinates. Thus the 
intersection is a V r *- 1 . 

60. Intersections of Hyper-surfaces : 

The aggregate of points common to two or more Hyper- 
surfaces is called their intersection. By a known theorem 

TV T 

in Algebra, n hyper-surfaces ,V < * i have in 

general r 1 r t ...r. points of intersection. If they have 

* Cayley — Memoir on Abstract Geometry, Phil. Trans, of the Royal 
loo. of London, Yol. CLX, 187p. 
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more than r x r^..r n points of intersection, they have neces- 
sarily an infinite number, forming one or more Complexes 
of different dimensions. 

It follows that h hyper-surfaces (/ro) intersect n—h 
hyper-planes (i.e. a space of k dimensions) in r l r % r 5 \,,r k 
points. This group of r l r i r a ...r* points is called a 
Complex of order r x r t ...r 4 and of dimension w-A-, and is 

therefore denoted by V^ s '*' r * . But if these Hyper- 

surfaces have a point and the Complex ' ' k common, 

any space S* of k dimensions will intersect this Complex 
in r k r it ..r k + l points, and consequently in an infinite 
number of points. 

61. If we consider &+1 hyper-surfaces of the same 
order r (linearly independent) and the linear system oo * 
determined by them * all the Hyper-surfaces of the S) stem 
have in common the points of the Complex of intersection 
(if it exists) of those Hyper-surfaces. This Complex is 
called the “base Complex ” of the system, and if k - f l^n, 

it certainly exists and is a Complex V ^ 

It can be proved very easily that the Hyper-surfaces of 
order r, which pass though N(r) — k generating points of 
any w-space, constitute a linear system oo*, and, if 

Acjgw — 1, they have in common a Complex , 

determined by those N (r) — k points. If &=*— 1, they 
have r % points common. In fact, if we substitute the co- 
ordinates of the N(r) — k given points in the equation of a 
Hyper -surface, we can determine, in terms of Jc 4-1 


Vide — Bertini, loc. cit. chap. X, §. 1, 
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coefficients, all the remaining co-effieients as linear and 
homogeneous functions of them ; and these values substi- 
tuted in the given equation will determine a system oc\ 

62. Polarisation in ^-dimensions : 

Let/(;>? o ,« 1 ,r sv ..r« n )=0 be the equation of any Hyper- 
surface of order /*. ... (1) 

Let P and Q be the two points and 
(i=0,l,$, 3, ...**). Then the Co-ordinates of any point on 
the line PQ may be taken as \y { (*=0,1,2 The 

co-ordinates of the r points of intersection of PQ with the 
Hyper-surface (1) are found by substituting these values 
for 0 O , »!,...»» in (1), and then determining the ratio 
from the resulting equation, which is of degree /. 

The equation thus obtained is — 


*7»+( \ )* r- V A./, + (g- A, */, + ••• =0(2) 

f»—f(yo<yi<y 2 /») 


■where 


and A , s' 


(r—s+1) 


W:.-( '• 


0 / 
dy o 


4* ... -f-s* 


a/ y 

Qy, 


)• 


The operation A/ is called “ Polarisation 99 with 
respect to the pole z, 

The equation (z) can also be written in descending 
powers of /a and then comparing the coefficients with those 
of (2) we obtain the following identities : — 

A, 7,- A/~ 7, 

A * * A * #+ 7y 

A.’A.'/jsA.'A.'/f 

The equation A , 7* = A * r " 7. =° represents a Hyper- 
surface of order r—s, which is called the itli polar of z with 
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respect to In particular, the (r— l)lh polar is a 

Hyper-plane and is called the Polar Hyper-plane of order 
r— lv The (r — 2)th polar is called the “ Polar Quadric,’ ** 
and so on. 

Note : This is really an extension of the Theory of 
Poles and Polars in the Geometry of three dimensions, and 
consequently the theorems proved in this last case are also 
valid in the geometry of n dimensions. We give below 
some of those theorems without proof and shall try to 
interpret them geometrically on a future occasion. 

63. Theorem 1 : If the $th polar of P passes 
through Q, then the (n — s)th polar of Q passes through P. 
(Theorem of Reciprocity.) 

Theorem 2 : The sth polar of a point P with respect 
to the frth polar of the same point with respect to a Hyper- 
surface V r n - l is the (s + &)th polar of P with respect to 

V r 

* n-l* 

Theorem 3 : The lelation of a Hyper-surface to its 
polar Hyper-surfaces is a projective relation. 

Theorem 4 : If we form the 5th polar of a point P 
with respect to a Hyper-surface, and the tth polar of 
another point Q with respect to this polar Hyper- 
surface, and so on, we finally obtain a Hyper-surface which 
is independent of the order of Polarisation. 

64. Consider that the point P(z) is an)i one (A 0 ) of 
the fundamental points i.e. the coordinates of P are 
(1,0,0, ... 0) and intersect the Hyper-surface V r *_ 1 , given 

* Consider the Hyper-surface formed by the faces of the fundamen- 
tal Simplicissima. Its equation is therefore # o 0 1 aj # ,,,a? n =O. 

Therefore the Polar Hyper-plane of y is S#oVi...2/i- l «<yi +1 ...v»*=0 
If the point y is the point ( 1 , 1 ,, . . 1 ), the Polar hyper-plane is 
which is called the unit Hyper-plane, 
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by the equation (1), by the fundamental Hyper-plane 
V 19 which passes through this point. The section 

will be a Hyper-surface of =0, which will have its equa- 
tion [_f] x __() =0, where [/] u represents the result 

of substituting .^ = 0 in/. 

The first polar of P with respect to this Hyper-surface 
will be 



the above first polar is also the intersection of ,^ = 0 with 
the first polar of z with respect to V r n-1 This property 
can be extended to the second polar of z with respect to 
V, n ” 1 , since it is the first polar of the first polar. 

Therefore any space S n ^ 1 through a point z intersects 
a V r n „ x and the sth polar of z with respect to V r )1- , 1 in a 
V r „- a and in the sth polar of z with respect to V r H ^ 
(Hyper-surface of S* ^). 

In general, any linear space S*, which passes through 
a point z , intersects a V n H -.j and the sfch polar of z with 
respect to V r „_ 1 in a V%- 1 and in the sth polar of z 
with respect to \ r k „ l (Hyper-surface of S*). This is 
easily proved by applying the preceding theorem to the 
section of by the Hyper-plane of S*. 

65. Tangent Spaces : 

Next suppose that the point P(y;) lies on the Hyper- 
surface We find the condition that the line PQ 

meets the Hyper-surface in two coincident points. In this 
case we must have f y =0 and A,/ y =*0. 
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This equation, in which z is regarded as current coordi- 
nates, represents a Hyper-plane (passing through y ). 
Hence the tangent lines to Y r n -i at any of its generating 
points are contained in a Hyper-plane called the “ Tangent 
Hyper-plane ” to ’\\^ 1 at the point. This Hyper-plane 
is the polar Hyper-plane of y with respect to Y r 
Conversely, if a point lies on its polar Hyper-plane, the 
point lies on the Hyper-surface. 

66. Polar Quadrics : 

The polar quadric of any point P {y { ) with respect to 
any V r ». 1 has the equation of the form 

A 2 f — !> d x t * — 0 

This Quadric has a double point i,e. is a cone, if 

«»=0, (t=0,lA...n) ... (1) 

oy i oyt 

which shows that the first polar of z, given by 



=0 has a double point at y. 


Hence if the polar quadric of P has a double point at Q, 
the first polar of Q has a double point at P, and vice versa. 

The condition for the coexistence of the equations in 
( 1 ) *- 

9 7, 9 ’A 9 'A 

9 y 0 ' 92/ 0 9y, dy 0 Qy» 


9“/, 9 "A ... 9*A 

dy.dyo 9y. 9 yi 9y.' 


= 0 . 
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tod therefore the locus of the poles of the polar Quadrics 
with double points or the locus of the double points of the 

first polars is a Hyper-surface V^ w + 1 ^ ^ of order 

n — 1 

(«-f l)(r— 2), which is called the (l Hessian.” 

Note : All these theorems are obtained as extensions ot 
the theorems in ordinary Geometries. Many other similar 
theorems can be obtained in this way. But we postpone 
for the present the discussion of these theorems or dther 
deductions. We consider the case of Quadric Hyper- 
surfaces, and in doing so we shall use the notation Used by 
Whitehead in his Universal Algebra Vol I. 

67. Quadric Hyper-Surfaces : 

Hyper-surfaces of the second order are called 
u Quadrics ” or “ Quadric Hyper-surfaces/’ and it is de- 
noted by V a w „ 1 . 

The most general equation of a Quadric V a *_j may be 
written as — 

2fl o {l,, o + 2 2aoi«o®i-(«)(‘»)=0, say. 
ket ^aoo-V'o + ^floifc't^ + ^o' 1 ’ i)s(a)(.r)(.r') 

If z be a point on the line PQ, where P and Q are the 
points its co-ordinates may be taken as 

Xr i i (i=0,l,2....«) 

Substituting these values for the co-ordinates in the 
equation of the Quadric, we obtain 

(a)(O f =X*(a)M^ ... (I) 

This equation shows that if more than two points of A 
line lie on the Quadric, the whole line lies on it. If the 
equation (1) breaks up into two linear factors, the Quadric 
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is degenerate and consists of two proper Hyper-planes of 
(ra— 1) dimensions corresponding to the two factors. 

An space of any dimension either intersects a Quadric 
in a Quadric Surface contained in that space i.e. in a 
Quadric Surface of dimensions lower by one than that of 
the space, or itself lies entirely in the Quadric. 

68. Poles and Polars : 

Consider the equation («)(#)(#')=(). This equation may 
be regarded as defining the locus of the point x iy when the 
other point x' { remains fixed and vice versa. When#, is 
regarded fixed, the locus is the polar of with respect to 
the Quadric (a)(*) 8 =0. The polar of a point will of course 
be a Hyper-plane of (^ — 1) dimensions. The point a/< is 
called the “Pole.” 

The ordinary theorems on Poles and Polars obviously 
hold : 

(i) If any point a/, lies in its polar («)(#)(#') ==0, we 
must have (a)(x ') (»/) = 0, i>e. (a)(#') s = 0. Hence #', lies on 
the Quadric itself. Thus all the points on the Quadric are 
reciprocally polars to themselves, or they may be called 
“ Self-polar ” with respect to the Quadric. In this case 
the polar («)(#)(#') = 0 is the “ t an gent-space at the 
point «/*. 

(ii) Again, if the point lies in an (w— l)-space, the 
polar spaces all pass through a common point which is the 
pole of the (»— l)-space with respect to the Quadric. 

If the point lies in an (#— £)-space given as the inter- 
section of two («— l)-spaces, the polar-spaces all pass 
through the two poles of the defining (# — l)-spaces and 
have therefore a common line of intersection. 


* “ Beruhrungs-Raum Veronese. 
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And generally, if the point lies in an r-space, the polar 
jspaces of the points must pass through the («— r) poles of 
the defining (fc— l)-spaces and thus have an (#— 
space of intersection. 

Thus we see that spaces can be connected by a reciprocal 
relation i.e, that of poles and polars of the above nature : 


An S n-1 

space has 

one pole defining an space of zero dimension, 

a S n „ 8 

)) 

99 

two poles 

99 

99 

one dimension, 

>9 3 

)) 

99 

three 

99 

9) 

two dimensions, 

99 S n „ 4 

>9 

99 

four „ 

99 

99 

three „ 

„ S._ r 

a 

99 

r 

9) 

99 

('- 1) » 


etc. etc. etc. 

From these we infer that two spaces can generally be 
connected by a dual relation such that the sum of their 
dimensions is always equal to (n— 1) * 

We shall define two spaces S r and S k (r+Jcssn— 1) as 
“ Conjugate spaces” when there is a dual relation between 
them of the above nature. 

Thus the two conjugate spaces are such that the polars 
of all points in one with respect to a given Quadric have 
the other common between them. 

* Veronese — “ Ebenso heissen dual oder correlate die Baume, von 
denen der eine durch eine gewisse Anzahl unabh&ngiger Pankte und 
der andre durch eine gleiche Anzahl uuabhangiger BaUme bestimmt 
wird.” 

Veronese has sought to establish a dual relation between spaces by 
the number of points and the number of equations determining them. 
Thus, n equations determine a point of zero dimension and n points 
determine an (n— l)*space ; (71 — 1) equations determine a line of one 
dimension and (n— 1) points determine an (a— 2) -space, and so on. 
Veronese— Orundzuge der etc., §. 159, p. 571. 
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69. Harmonic Properties : 

Consider the points in which the line joining two 
eon jugate points P(a? t *) and Q(jj/) intersects the Quadric. 
Any point on the line has coordinates of the form 

Then the equation (2) of §. 62 becomes : 

X , (a)W , +/i 1 (a)(a , ) , =0 ... (1) 

since (a)(,c)(&') = 0. 

The two points of intersection must therefore he of the 
form Xxi+jxx'i. Therefore the two conjugate points x { and 
x' i and these two points of intersection of the line PQ with 
the Quadric Y a n _ x form a Harmonic Range.* 

70 We have seen that (a)(,r)(.«')==:0 is the tangent 
space to the Quadric at the point a/, . 

Let a 0 r 0 -fai^ 1 + ... -f-a M ,r n =0 be the equation of an 
(u—1) -space. The condition that this should he a tangent- 
space to V* n-i Is obviously — 


#00 

#0 1 

#0 1 


#0 » 

#0 

#10 

#11 

#12 


#1 n 

#1 

#.0 

# 2 1 

a » a 

... 

# 2 » 

a 2 

# i »0 

«»1 

#W 2 

... 

#n n 

<*n 

a o 

#1 

#2 

... 

#n 

0 


This condition can be written in the form 

S ^0 (J a * 0 + 2*EA 0 l a 0 a 1 =0 

or (A)(a)*=:0 ... (A; 

JJ A 

where A 00 = * — , etc. A being the determinant 

oa 0 o 

(#00 1 # * *•••#»»)• 

* 0. A. Seott : Modern Analytical Geometry, §. 40. 
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If now we denote the coordinates of the given (ft— 1)- 
space by A* (t'=0, 1,-2, ...»), then the condition that this may 
be a tangent*space ean be written as 

(A)(A)‘=0 ... (B) 

Thus we have two conditions (1) the point lies on 
the surface (a)(#) f =0, and, (2) the space A.; is a tangent- 
space to the surface (A) (A.) 2 =0. 

The equation (B) may be called the tangential equation 
of the Quadric 

Thus a Quadric may be generated in two ways : (1) as 
the locus of a point ; (2) as the envelope of a tangent- 
space.* 

71. Self-polar Simplicissima : 

We can choose the fundamental Simplicissima in such a 
manner that the fundamental points are reciprocally polar 
to each other with respect to a given Quadric. 

Let (a)(r)*=0 be the equation of a Quadric. 

The coordinates of the fundamental point A 0 are 
(1,0, 0,0,...). Its polar space is to be the fundamental 
(»— l)-space TJ 0 . But the equation of its polar space is 
(a)(x)(l) = 0. 

* Cf. Prof. Cayley — * * * Thus we arrive at the notion of 

double generation of a fc-fold locus— such locus is the locus of points, or 
say, of the “ ineunt ” points thereof ; and it is also the envelope of the 
tangent-omals thereof. We have thus a theory of duality. This theory 
is essential to the systematic development of n-dimensional Geometry, 
the original classification of loci as 2-fold, 3-fold etc. is incomplete and 
must be supplemented with the loci reciprocally connected with these 
loci respectively. And moreover the theory of the singularity of a 
loons can only be systematically established by means of the same 
theory of duality. * * 

Phil, Trans, of R. Soc, of London, Vol, OLX, 1870# 
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We must have a dl = a 0 ,= ... =a o ,=0. Similarly 
in other cases. 

Thus the equation of the Quadric is reduced to the 
form— 


o^* 0 d" X 1 d" • • • 4" n (C) 

we call this the “ self-polar Simplicissima.” 

In order to construct a self-polar Simplicissima with 
respect to a given Quadric we proceed as follows • — 

Let A 0 be any point not on the Quadric.. Take the 
polar space of A 0 with respect to V* n -D which is of (w— 1) 
dimensions and does not contain A 0 . The intersection of 
this with V a n -a is another Quadric of (n—2) dimensions* 
V r *n~ a contained in it. Take any point A x in this polar- 
space not on the Quadric. Next take any point A a on the 
intersection of the polar-spaces of A 0 and A u and so on. 
Thus ultimately (»+ 1) independent points are obtained, all 
reciprocally polar *to each other with respect to a given 
Quadric. 

72. Generating Spaces of a Quadric: 

In ordinary Geometry of three dimensions we have the 
proposition : “ Through any point of a conicoid generating 
lines, real or imaginary, can be drawn.” This proposition 
has been generalised by Veroneset and stated in the 
form : — 

“ If the complete space be of ip or 2/*— l dimensions, 
the subordinate spaces, real or imaginary, contained with- 
in any Quadric surface will be of (ft— 1) dimensions.” 

We have seen in the preceding article that (^+ 1) points 
of space can be determined reciprocally polar to each other. 


* Vide — Bertini, loo. cit. Chap. VIII, §§. 2-3. 
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Now the question is to determine the number of such 
points which can be found to lie on the Quadric surface. 

Now, if a x be a point on the Quadric, it lies in the polar 
space («)(«)( a 1 ) = 0. If a 8 be another point on the Quadric 
lying in this polar, anc ^ the points a lf a 9 are 

such that each lies in the polar of the other. Hence any 
point on the line c^a, lies in both polars and on the 
Quadric. But the polars intersect in an (ft — 2)-space. 

Now take another point a 3 on the intersection of this 
(tt — 2)-space with the Quadric. Then a 1 ,a a ,a 3 are recipro- 
cally polar to each other and any point in the plane 
(ai,a 3 , a 3 ) lies in the intersection of the three polar spaces 
and on the Quadric. But the intersection of three polar- 
spaces is an space of (ft— ’t) dimensions. Next take another 
point a 4 on the intersection of this (ft — 3)-space with the 
Quadric, and so on. Suppose that we have thus selected k 
points reciprocally polar to each other, which are of course 
such that each lies on the polar-spaces of others, as well as 
on that of itself (since it lies on the Quadric). If these k 
points be independent, their polars intersect in an space of 
(ft — A) dimensions,* which contains the k points. Since 
these k points are independent, we must have 

n — k 4* 1 > k 

2k£n + l. Thus the greatest value of k is the highest 
number of integers in - . Thus if ft = 2/x or ft = 2//. — I, 
the value of k is //,. 

Therefore we have k or p independent points lying on 
the Quadric and these defiue an space of (^— 1) dimensions 
contained in the surface of the Quadric. 


See §. 68. 
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73. Quadric Hyper-cone : 

Corresponding to the ordinary Cone in the Geometry of 
three dimensions, we have a Quadric Hyper-surface in n~ 
space which will be called a “ Conical Quadric Hyper- 
surface.” 

Veronese has given the following definition* of the 
general Conical Quadric Hyper-surface : — 

The figure formed by the lines which join the point V Q 
with the points of the system F% is called “ Kegelflache ” 
or “ Kegel of the first kind.” (F% is a Hyper-surface of 
order m and dimension p> V 0 is the vertex, and F*% is the 
base system of the cone. The lines which join V 0 with the 
points of the base are called the generators of the Hyper- 
cone. 

To find the condition that the general equation of the 
second degree should represent a cone.t 

The equation is written as (a)(:r) a =0 ... (I) 

Let (a) be the vertex V 0 and any point on the Cone. 
Then for all values of A and ft, the point whose coordinates 
are A/* +/*«< must lie on the surface. 

Hence substituting in the equation (1) of the surface we 
obtain — 

A*(a)(a/) 8 +2Aft(a)(a)(^) -fft* (a)(a)* =0 ... (II) 

But (a) and (*') lie on the surface. 

,\ (a)(a)*=0 and (a)(z , )*=0. 

* u Die Figur, welohe von alien Graden gebildet wird die den Pnnkfc 
Y 0 mitden Punkfcen des Systems F% verbinden, heisst KegelMobe 
Oder Kegel erster Art. Y 0 ist die * Spitze ” and F% des leitende System 
des Kegels. Die Graden, welche die Spitze mit den Punkten des leiten- 
den Systems verbinden, heissen die “ Erzeugeden ” des Kegels. 
Yeronese — Ioc. eit. §. 179 , Def * I. 

f For brevity of expression we write “ Cone ” for “ Conical Quadric 
Hyper-surf ace.*' 
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.V (a) (a) (a?') »0 for all positions of x\ 

Now, (a)(a)(V)==0 can be written as — 

a oo a o^o i a i^\ 4“ ... i (<* 0^1 4’ a i'* j/ o) 4* ••• = ®> 
or {a 0 o a o"i" a oi a i“b ••• + a o« a n}*‘ ;, o + { a io a o+ a ii a 8 + 

... +«i.a.Ki+ =0 ... (HI) 

This is to be satisfied for all positions of the point ( x f ) 
i.e. the coefficients of x' 0) x\, ... a/ n in (III) must identically 
vanish. 

Eliminating the (n-fl) quantities a 0 ,a 19 ... a„ between 
the (rc4 1) equations thus obtained we obtain the condition 
A =0, where A is the determinant 

A=. cioo cc 0 i ... a on 

&10 a i 1 .*• Of I H 

a ao a ai ... ® j n 

a n0 a n\ ... 

Hence the condition that the general equation of the 
second degree should represent a conical Hyper-surface is 
the vanishing of the determinant A . 

74. Consider the two Quadric Hyper-surfaces 
(a)(xy =~S=0 and (a')(a?) a s:S'=0* 

Then S~f\S'=0 represents a quadric Hyper-surface 
which passes through the intersections of S and S'. 

This will represent a conical Quadric Hyper- surface, if the 
determinant (a 0 o+^ af oo> a ii+^ a \i> ••• a «*n d-Aa', »)=0. 

This is an equation of the (w-fl)th degree inland 
therefore there are (n + 1) values of A for which S-f AS'=0 
may represent a conical Hyper-surface. 
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Thus in general (w + 1) conical Quadric Hyper-surfaces 
can be drawn through the intersections of two Quadric 
Hyper-surfaces. 

We may prove also that “ the vertices of these conical 
Quadric Hyper-surfaces form a Self-polar Simplicissima.” 
This is really an extension of a theorem in three dimen- 
sional Geometry. 

75. Sections of a Conical Hyper-surface : 

“ The Conical Hyper-surface V 0 — Y m p * of p dimensions 
and order m is intersected by an space S* of k dimensions 
through the vertex V 0 , in general, in a Conical Hyper- 
surface V 0 — of Aj+ju — 71 + 1 dimensions and order 

m which can reduce to a system of m lines. ”t 

Any space S w#ri) drawn through the vertex V 0 intersects 
the base-space S H _ 1 in an space S n _ / ,_ 1 which has at the 
most m points common with F'%. These points with the 
vertex form the m generators of the Conical Hyper-surface 
which lie in the space Each space S A-1 contained 

in S n-1 intersects at the most in a surface F* + ^_„ of 
k+p — n dimensions. t If we join the vertex V 0 with 
S A -i, we obtain an space S k which intersects the conical 
Hyper-surface in a Conical-surface V 0 — F% +J ,-.„ of 
— ?e + l dimensions and order m. 

If k = 1, then the conical Hyper-surface of section 

is of p dimensions. If p~n — 2, then a plane through the 
vertex intersects Y 0 — F , %. 1 at the most in m lines. 
Corollary : 

If the Hyper-surface F% in Sn.j is a Hyper-surface of 
the second order, or a spheric S**_ a , then the conical 
Hyper-surface is of the second order. 

* This notation is used by Veronese — loc. cit. §. 179. Def n I. 

f Of. Veronese — loc. cit. g. 179, Satz I. 

J Veronese— loc. cit. §. 178, Satz I* 
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In this ease each plane through the vertex cannot inter- 
sect it in more than two generators, and in general, an 
space of r dimensions through the vertex intersects it in a 
conical hyper-surface of the second order of (r — 1) dimen- 
sions (r=3,4, ... 1). 

76. Veronese has given another form of a conical 
hyper-surface : We give here the definition of such a 
surface : — 

“ We shall consider two dual spaces and S w _ w _ l 
which do not intersect each other.” 

Let F r „ be a given hyper-surface in and let 

p<n— m — 1. 

The space of v -f 1 dimensions, which joins the space 
S m with the points of the hyper-surface F%, forms a 
conical hyper-surface or a cone of the rth order, which is 
of p + m -j- 1 dimensions ; S m is the vertex-space, F '' >, is the 
base-surface of the cone. The spaces which join S w with 
the points of the base-surface are called “ generating 
spaces.” 



CHAPTER Y. 

Parametric Representation. 

77. The literature on the Geometry of Hyper-surfaces 
is very limited and most of the few authors who have seer 
their way to deal with the subject have taken up a stand- 
point, by no means based on elementary ideas, but to a 
high degree technical, depending on intricate differential 
formulae. Having but imperfect knowledge of continental 
languages the writer is not in a position to folly ascertain 
how far the authors in those languages have adopted 
familiar elementary ideas in developing the Geometry of 
Hyper-surfaces with the application of differential methods, 
but in almost all treatises on differential Geometry refer- 
ences are made as to the suitability of these methods to 
higher Geometries. The present writer only avails himself 
of those references and ventures, though in some cases 
lacking confidence in their generality and Geometrical 
interpretation, to generalise the formulae used in the 
ordinary differential geometries, not knowing how far he 
has been anticipated by others. KommereJl* in his disserta- 
tion has given a treatment of two-dimensional spreads in 
four-dimensions. The present paper will deal with surfaces 
in a four-space. 

A single relation in four variables (<*,y,2,0 represents a 
Hyper-surface in four-space. Along the hyper-surface, each 
of the variables can be conceived as expressible in terms of 
three variable parameters. Two relations in four variables 
represent a surface (two-dimensional spread) in four-space. 
Along this surface each of the variables can be considered 

# Karf Kommerell — Riemannsche Flfichen im ebenen Baum von viei 
Dimeusionen — Math. Ann. Bd. 60. 
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as expressible in terms of two parameters. In a similar 
manner, three relations in four variables may define a curve 
in four-space along which each of the variables can be 
considered as expressible in terms of a single parameter. 
Four such relations, in general, define a point or a number 
of points. Hence it follows that two hyper-surfaces in 
four-space intersect in a surface or surfaces, a hyper-surface 
and a surface intersect in a curve or curves and two surfaces 
intersect in a point or points. 

Starting with these preliminary notions vve can assert 
that the equations — 

x=f 1 (u,i\w), y=f % (u,v,w), »=/*(«, V,w), t=f\(n,v,w) ... (1) 

where n,v,tv are variable parameters, define a hyper- 
surface. 

Assigning particular values to any one of the para- 
meters (say n) the locus of the point {x } y,zfy } as v and iv 
vary, is a surface on the hyper-surface, for (x,y y z,t) are 
now functions of two parameters. Suppose now that the 
three parameters are connected by the relation 

<f>(u,v,w )= 0 % ...(2) 

Equations (1) and (2) will then define a two-dimen- 
sional spread or a surface on the hyper-surface. 

In particular, any one of the three relations u = const.) 
vz=b (a const.), tv — c (a const.) may be taken corresponding 
to equation (2) and in that case each of them may be taken 
to represent a surface. These may be called “parametric 
surfaces ” on the hyper-surface. The three surfaces meet 
in a point P, whose position may then be considered as 
determined by the values of the parameters u, v and w 
and these values may then be called the “ Curvillinear 
Co-ordinates of P. 
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The element of are (ds) on the surface defined by (1) 
and (2) is given by 


ds 9 9 + dy 2 4- dz 9 + dt* 


where (L = ~ du -f -- dv+ dw. 

Qu O v Qw 


dy = ^ du + dv-f dw. 

J Qu Qv Qw 


dz — dw-f dr + dw. 

9 u o v 0 w 


dt= du + dv+ ~ dw. 

Ou Qv Qw 


subject to the relation 

P du+% 

Ou Qv 


— ^ dr-j- dw=0 


Let 




p c; 9 '*■ , 9 ® 

Qv Qw’ 


(3) 


(4) 


— ^ Of • 0_ ,? " 

a 5 


H = 5 


0 W 


8.c 

0v 


The above expression (3) then reduces to — 


ds % = A du 2 + B dv % -f- Cdw 9 + 2F dvdw + 2G dwdu + 2H dudv. . . (5) 
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The functions A,B,C, ... thus defined are analogous to the 
functions F,G,H used by Gauss.* For any other surface, 
the expression (5) will have the same form, subject to a 
different relation between du f dv> dio depending upon the 
particular surface selected. Consequently the value of ds 
given by (5) is the element of arc on any surface of the 
hyper-surface. This may be called the linear element of 
the hyper-surface. 

78. The surfaces *; = /;, io — c intersect in a curve OL 
on the hyper-surface. Similarly, w-e, w=za intersect in 
OM and w = v — b intersect in ON. The curves OL, 
OM, ON may be called the “parametric curves” on the 
hyper-surface. 

The direction-cosines of the tangent lines to these 
curves are respectively proportional to-- 

u vflj vi^vdv i XmymZuntw ) 

where the suffixes indicate differentiation with respect to 
the parameters. 

Now, if l x ,l 2 ,lsih be the direction-cosines of the normal 
at 0 to the hyper-surface, since it is perpendicular to the 
three tangent lines, the following relations hold : — 

^ 1 w “f* ^3 Zu "4“ ^4, =0 

h e v +Kyv +h : v = o r 

Solving these equations for Z 19 Z S ,2 SI 2 4 , we obtain 


fi. = K ^3 ^ 

a P y 8 


( 6 ) 


* Disquisitiones general es cira ^superficies curvas (Eng. Trans, by 
Morehead and Hiitebite). 
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where 

a = §SvfU t a = Qjjfg) t _ 90y*) j g= 9 (•'</*) 

3 “ 9 <u.v,iv)' ~ Q(u,V,w)’ 3 (u,V.W I 

On simplification it will be f;mnd that 
a* +0* +y* +8* = ABC + 2FGH— AF» — BG S — CH S 
= A (say) 

lja=ljp=ljy = ljh=:~. 

VA 

Thus the direction-cosines of the normal at 0 are 

ft P y 8 

A a^A v'a v^A 

If © be the hyper-plane angle between the tangents to the 
parametric curves, we must have — 

ABCsin a ©=§ x„ y„ z„ 8 

*'r y r 

a w y w ~ w 

- ABC + 2FGH- AF» — BG» — CH«=A 


sin ! ©= 


A_ 

A BC ' 


( 7 ) 


The direction-cosines of- the tangent plane to the para- 
metric surface ?t=a, which is determined by the tangent 
lines to the parametric curves OM, ON, are given by 

*** t> y v * t- t v 

‘ P » Vw 
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If a l ,b 1 ,c 1 ,f l ,g , ,h 1 are proportional to the direction-cosines, 


a, = 


9(y«) 

9 (v,w) 




9(g> ) 

9 (v,w) 


f - 1 = 


dhy) 

9 (v,w) 


f = -§[±11 a = Piy () h — 9<*0 

1 d{v,io)’ 1 9 («,«>)’ 1 9 (»,w) ' 

But a* t +6» j +c» 1 +f\ +g * , + , 

) 2 v ‘ in ( ) 2 

=BC— F* 

The direction -cosines of the tangent plane to the surface 
u=a are — 

«, 1 /V'B0-F s , bJVEG-F* , c./VBC-F 8 


/,/x/BC-F 8 , etc. 


(8) 


Similarly, the direction-cosines of the tangent planes to the 
surfaces v—b and w—o are respectively 


aJV CA-G 2 , 6,/v'CA-G 2 , etc. 
and a,/VAB— H*, i 3 /VAB— H 4 , etc. 


( 9 ) 

... ( 10 ) 


where a a = , etc. and a, ® , etc. 

9 (u,w) 0 (w,t>) 

If 6 1 be the angle between the tangent lines to OM, ON, we 
have — 

.r- a J‘ w -f"2/ “1“ 2" r ^ ifl ^ 5 ^’b‘^i# I 


COS $1 ■ 


. VSe*. 


v'BC VBC 


(II) 


Similarly, if 0,,0 S be the angles between the tangent lines 
ON, OL and OL, OM respectively, we have — 

G H 

cos 6, = — , and cos 6 S = 


VCA 


VAB 


( 12 ) 
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S i„^ 1= l-|! = BC-B- 

BC BC 

. • a /BG-F 3 . , . 

. . 81110 != V ~g 7 j~ 5 Similarly, su: 


'CA-G 3 

CA 


and a infi,= ... (13) 

If ©j be the angle between the planes (9) and (10), we have 


sind 4 sin# „ cos<£ , * = 


+M.i +>■,(;, +,fj*+g il ih+hji 3 

V'CA— G 3 • V'AB^H 3 


cosd., . Aa/BG (« !t a 3 +6 ! ,fr 3 + ...) 

(CA— G»)(AB— H 3 ) 

_ Aa/BC (GH-AF) 

(CA— G 3 )(AB— H 3 ) "• (i4 ' ) 

Q . , , Ba/AC (PH-BG) <1k . 

Similarly, »"*.= (BC _ K , , )(AB _ H , ) - («) 

_ Ga/AB(FG-CH) . , 1r .. 

' (BC— F 3 )(AC— G 3 ) •" (16) 

Definition : When three families of surfaces upon a 
hyper-surface are such that through any point, one and only 
one surface of each family passes, and the tangent planes at a 
point to the three surfaces through it are mutually perpendi- 
cular, the surfaces may be said to form a “ triply orthogonal 
system 99 of surfaces. 

ISTow, if the three tangent planesare mutually orthogonal 
we have — 

eos^! =COS<£ a =COS <j) s =0 
,\ GrH — AF =i FH — BG = FG — CH =0 
ue. FGH=AF» =BG a =CH a 


* See §. 1. 
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Hence, a necessary condition that the parametric surfaces 
upon a hyper-surface form an orthogonal system is that 

FGH=AF a =BG a = CH a ... (17) 

This condition is also sufficient. 

We have seen that the six direction-cosines of a plane are 
connected by the relations* 

a 8 + 6* +c s 4-/ 8 +g* +h* =1 

af+bg+chzz 0 

It is easily seen that the direction-consines of the three 
tangent planes satisfy similar relations. 

79. The quantities A,B,C, ... as defined above have 
important applications in the differential Geometry of 
Hyper-surfaces and are independent of the particular selec- 
tion of orthogonal co-ordinate axes. 

Consider the effect of orthogonal transformation : — 
^ssa+l^+l^y+l^z+l^t 
y'z=b+m l x+m % y+ / rriiK-l*m4t 

t , =d+p l K+'p 2 y+p d z+pJ 

We have then 

+ 2y tt z v ^l 9 l 3 ^r2y u t u ^l % l 4 + 2z u t u S^sK* 

=x*M+y**+z*u+t*u 

=A[ V 1 etc. and 2Ms = 2Ms =--= 0 ] 

* See §. 13. 
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Similarly, 

¥ f —^,d v i/ w — ^(l l x v +J i y v + l s z v +lJJ(l 1 x w + l 2 y w 

+ l s z w + l 4 t w ) 

= • * v * w + y v y w 4 * z » + M w 

=F 

The quantities A,B,C,F,G,H may be called the “ funda- 
mental magnitudes ” of the first or^r. 

80. The differential form of equation of a hyper- 
surface can be very easily obtained, by considering the fact 
that any normal to the hyper-surface is perpendicular to 
any direction in the tangential space. Let djr,dy,dz } dt 
denote any direction in the tangential space and P,Q,R,S 
the direction-eonsines of the normal at a point O. 

Evidently, therefore, we have 

Ydc + Qdy + Mdz + Srftf =* 0 ... (19) 

which is the differentia} equation of the hyper-surface. 

When x 9 y } z,t are given as functions of u 9 \\w and conse- 
quently P,Q,R,S are deduced, the equation is satisfied 
identically. This is as it should be, for the integral equa- 
tion is implicitly contained ip the expressions for * 9 y>z,t. 

If P,G,R,S be given as appropriate functions of s>y 9 z } t } 
the equation P d v -f Qdy -f R dz -f S<^ = 0 represents a hyper- 
surface <£ = const., only when 

P:Q:R:S=|^ : : f-f . ... (20) 

a y q z ot 

Hence, P,Q,,lt,S must satisfy a certain relation, which we 
proceed to determine. 

From equations (20) we have 
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where fx is indeterminate. 


A (uF)= - A 

Qy ^ ' a r.dy Qx 


(pQ) 


~ + p|^ =/x|Q + qp 
9 y Qy ^Qx ^0.« 


or 

dj _ 
Qy 

9Q ' 

0 c? , 

\=Q -pli 4 

/ * 0* 6y 

... (21) 

Similarly, 

9Q _ 
8z 

0R : 

Qy , 

\=r9p _q§p 

> 0y 

... (22) 

K 

9 It _ 

a a? 

ap 

8z 

) =p|- M -rA/* 

... (23) 

p( 

9R 

dt 

as ■ 

) =s _R§** 

... (24) 

* 

6_P _ 
at 

as 

a.r . 

\ =8^ -pAt* 

... (25) 


8Q _ 

v 0t 

0S 

02/ 

\ =S§± -q9p 
/ 0y 0t 

... (26) 

I£ now we multiply (21) by (24-), (22) by (25), 
(26) and add, we obtain 

( 9P_?Q V §A _ SJ* ^ 

\ 8y 0-< A 6 1 6 z / 

(23) by 

+( 

aQ 
a z 

0R ' 
02/ / 

1/ 9P _9S \ 
i\ dt dx ) 


+( 

0R _ 
Qx 

0P ' 

0z „ 

A a t a y ) u> 



which is the condition of integrabiHty to be satisfied. 
Hence the direction-cosines of the normal to a hyper- 
surface must satisfy this condition. 

The converse theorem is also true. 










